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1 INTRODUCTION

Abstract

This thesis studies regression discontinuity designs with the use of additional covariates

for estimation of the average treatment effect. We prove asymptotic normality of the

covariate-adjusted estimator under sufficient regularity conditions. In the case of a

high-dimensional setting with a large number of covariates depending on the number

of observations, we discuss a Lasso-based selection approach as well as alternatives

based on calculated correlation thresholds. We present simulation results on those

alternative selection strategies.

1 Introduction

Regression discontinuity design (RDD) is regularly used in economics, political science and

other social sciences like biomedical science. The aim of RDD is to estimate causal effects

of a treatment on some outcome in settings where the treatment is applied depending

on some running variable or score value. Therefore, given data needs to contain a score

value for each unit which decides whether the treatment is applied to that unit or not.

In fact, if the score value lies above a certain cutoff point, the treatment is applied,

otherwise it is not. Then, the effect of the treatment on the outcome can be estimated by

comparing units that are close to the cutoff, but are on different sides of it. This concept,

including its theoretical properties and applications, has already been studied by a variety

of researchers (e.g. in [HTdK01], [IL08], [LL10], [IK12], [CCT14], [CTVB17], [AK18],

[CIT19] and [CIT23]).

In practice, there is often more data than only the score value and the outcome. For

this reason, many researchers want to incorporate additional data into the analysis of the

causal effect. Indeed, this can be done by including additional covariates linearly in a local

linear regression around the cutoff as suggested by [CCFT19]. In this paper, Calonico et

al. provide a formal study of the impact of covariate adjustments on estimation and in-

ference in RD designs. In order to account for misspecification in finite samples [CCT14],

they established a bias-corrected version of the covariate-adjusted estimator. In addi-

tion to that, smoothness assumptions that are necessary to obtain a consistent estimator

that delivers reliable results are given. Under this imposed regularity conditions, they

showed that the bias-corrected covariate-adjusted estimator is asymptotically normally

distributed. However, what can also be seen is that the estimation just provides accurate

results in low-dimensional settings and breaks down in case of a rather large number of

covariates in proportion to the number of observations. Hence, scenarios in which rich

data sets occur or a large number of transformations is applied on a small set of covariates

are not covered by this theory.

Given a large amount of covariates that can even change with the number of obser-

vations, [KR21] addressed this problem by establishing a two-step approach. In the first

step, a small subset of these covariates is selected by adding a Lasso penalty to the least

squares problem defining the local linear adjustment estimator. The selection procedure
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1 INTRODUCTION

ensures that the covariates are strongly related to the outcome in order to obtain a smaller

variance in the estimation. Then, in a second step, the selected covariates are included

linearly in the local linear regression around the cutoff. Kreiß and Rothe showed that un-

der an approximate sparsity condition, which informally means that only a small number

of covariates is particularly relevant for the analysis, the post-Lasso estimator is asymp-

totically normally distributed with asymptotic bias and variance being similar as in the

case of a low-dimensional setting.

In this thesis, we also want to consider RDD using additional covariates. The main

goal is to prove that the covariate-adjusted estimator using a fixed number of covariates

is asymptotically normally distributed under some necessary regularity condition being

similar to those imposed in [CCFT19]. However, the main difference to [CCFT19] will be

that we show the asymptotic normality for the non-bias-corrected version of the estimator.

Our approach for that will be to adjust the proof of [KR21] to the case of a fixed number

of covariates. Furthermore, the second goal of this thesis will tackle the situation of having

potentially many covariates, i.e. when the number of covariates can depend on the number

of observations. In fact, the goal is to make suggestions for alternatives to the covariate

selection via including a Lasso penalty into the least squares problem. Our methods will

rely on selecting covariates according to their correlation to the outcome. We will do this

by calculating a threshold for each of the covariates. When the correlation coefficient of

the respective covariate lies above the threshold, we will take it into consideration, else

we will reject it. Also, we will tackle the situation when some of the chosen covariates

are correlated to each other by establishing two different deletion procedures. After the

selection, all chosen covariates will then be included linearly into the local linear regression

similarly as after the Lasso-based selection.

This thesis contributes to the wide area of literature considering regression disconti-

nuity designs using covariates, that, besides [CCFT19] and [KR21], also includes [AK18],

[FH19], [NOR21] and [AOS21].

The remaining part of this thesis is structured as follows: Section 2 covers all necessary

preliminaries in which we want to recall notation as well as theorems that are relevant in

later chapters. In Section 3 we introduce the concept of regression discontinuity designs.

We explain the framework, different types of RDD as well as how local regression is applied

to estimate the average treatment effect. In the course of this, we will also comment on

MSE-optimal bandwidth choices. We end the section by giving an outlook on incorporating

covariates. With Section 4 the main part of the thesis begins as it sets out all the necessary

terminology and notation as well as declares the fundamental RDD environment which is

required for all subsequent statements. As the proof of the asymptotic normality of our

covariate-adjusted estimator concludes in two steps, each one of them is covered within its

own section. Section 5 covers the first step, namely it provides us with statements leading

to a representation of the bias. Then, Section 6 covers the second major step as its aim

is to show the asymptotic normality of the covariate-adjusted estimator. Section 7 first

imposes all assumptions in one spot which are necessary so that the asymptotic normality
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1 INTRODUCTION

holds. After that, the main theorem of the thesis, which exactly states that asymptotic

normality, is shown. The section ends by discussing the asymptotic bias and variance of

the estimator and comparing them to those obtained in the case without using covariates.

Chapter 8 proceeds by introducing the situation of having potentially many covariates, i.e.

when the number of covariates can change with the number of observations. It describes

how the covariate selection procedure implementing a Lasso penalty solves this. Finally,

suggestions for alternatives to the Lasso-based selection are given. Section 9 contains the

results of our conducted simulations. Section 10 draws a conclusion for future work, which

is followed by a list of references.
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2 PRELIMINARIES

2 Preliminaries

This chapter defines basic terminology that is frequently used throughout the thesis. Also,

we want to provide Jensen’s inequality as well as Lyapunov’s Central Limit Theorem since

we will need those in some of the subsequent proofs.

As our notation will involve a lot of indices, we will have the case that we want to

refer to a component of a vector, let us say vi, that already has an index i. To avoid

misunderstandings, we will denote the k-th component of vi by v
(k)
i in those cases.

Moreover, since we will deal with asymptomatic behaviour and estimation, the Bach-

mann-Landau notation will occur quiet often. For this reason, we will give a brief overview

of that concept in the following, whereby we will introduce the notation directly for se-

quences and leave out the more general case of functions.

Big-O Notation Let (xn)n∈N be a real (or complex) valued sequence and (an)n∈N be a

real valued comparison sequence. To describe that the behaviour of xn is asymptotically

bounded by an, we write

xn = O(an) as n → ∞

if there exist N ∈ N and a constant C > 0 such that

|xn| ≤ Can for all n ≥ N.

Little-o Notation An even stronger statement would be that xn is asymptotically

dominated by an. We can formulate this by writing

xn = o(an) as n → ∞

if for all ϵ > 0 there is N ∈ N such that we have for all n ≥ N

|xn| < ϵan.

Later on, we will use the notations OP (an) and oP (an) whereby we find the index P

in addition. This means that we examine the asymptotic behaviour of random variables

in the manner of convergence in probability. Indeed, this is what will be defined next.

Big-O in Probability Notation Given a sequence (Xn)n∈N of random variables and

a corresponding sequence of constants (an)n∈N, we write

Xn = OP (an) as n → ∞

if for every ϵ > 0, there exist M > 0 and N ∈ N such that for all n ≥ N

P

(∣∣∣∣Xn

an

∣∣∣∣ > M

)
< ϵ.

4



2 PRELIMINARIES

Little-o in Probability Notation Given the sequences (Xn), (an) as above, we write

Xn = oP (an) as n → ∞

if for all ϵ > 0

P

(∣∣∣∣Xn

an

∣∣∣∣ ≥ ϵ

)
−−−→
n→∞

0.

Sometimes, we also want to consider O(an), o(an), OP (an), oP (an) as sets of sequences

that satisfy the respective asymptotic condition. This allows us to write for instance

o(an) ⊆ O(an) in order to state that every sequence of order o(an) is also of order O(an).

Moreover, given a sequence of vectors or matrices Mn, we also want to use Bachmann-

Landau notation for that case. For example, if we write Mn = OP (1), we just interpret

the absolute value in the definition of OP as Euclidean norm or its induced matrix norm,

respectively. Yet, we could also use any other norm since they are equivalent in the

finite-dimensional case.

We assume the basic properties of the Bachmann-Landau notation as known. However,

we want to highlight some essential properties of the notation in probability as this will

be of great importance for subsequent proofs.

Lemma 2.1 (Properties of Bachmann-Landau in Probability). Let an and bn be sequences

of constants. The following statements hold:

(a) O(an) ⊆ OP (an) and o(an) ⊆ oP (an)

(b) If there exists N ∈ N such that bn ≥ an for all n ≥ N , then OP (an) ⊆ OP (bn) as

well as oP (an) ⊆ oP (bn)

(c) OP (an) +OP (an) = OP (an) and oP (an) + oP (an) = oP (an)

(d) OP (an)OP (bn) = OP (anbn) and oP (an)oP (bn) = oP (anbn)

(e) oP (an)OP (bn) = oP (anbn)

(f) If an → 0, then OP (an) = oP (1)

(g) Let An ∈ Rp×p be invertible for all n ∈ N, (an) be a sequence converging to zero

and A−1
n = O(1), Xn = OP (an) with (An + Xn)

−1 = OP (1), then (An + Xn)
−1 =

A−1
n +OP (an).

(h) Let An ∈ Rp×p be invertible for all n ∈ N and A−1
n = O(1), Xn = oP (1) with

(An +Xn)
−1 = OP (1), then (An +Xn)

−1 = A−1
n + oP (1).

Proof. (a) Let xn = O(an). Then, by definition, there exist N ∈ N and C > 0 such that

|xn| ≤ Can for all n ≥ N . For ϵ > 0 choose M ≥ C. Then for all n ≥ N

P

(∣∣∣∣xnan
∣∣∣∣ > M

)
≤ P

(∣∣∣∣xnan
∣∣∣∣ > C

)
≤ P (C > C) = 0 < ϵ

5



2 PRELIMINARIES

leading to xn = OP (an).

Now, let yn = o(an). Then
∣∣∣ ynan ∣∣∣ → 0, hence for arbitrary ϵ > 0 there exists N ∈ N

such that
∣∣∣ ynan ∣∣∣ < ϵ for all n ≥ N . This leads to

P

(∣∣∣∣ynan
∣∣∣∣ ≥ ϵ

)
= 0

for all n ≥ N , which means that yn = oP (an).

(b) Let N ∈ N such that an ≤ bn for all n ≥ N . Then for all M > 0 and n ≥ N

P

(∣∣∣∣Xn

bn

∣∣∣∣ > M

)
≤ P

(∣∣∣∣Xn

an

∣∣∣∣ > M

)
,

which proves both statements.

(c) Let Xn = OP (an) and Yn = OP (an). For arbitrary ϵ > 0 there exist M1,M2 > 0

and N1, N2 ∈ N such that

P

(∣∣∣∣Xn

an

∣∣∣∣ > M1

)
<

ϵ

2
for all n ≥ N1

and

P

(∣∣∣∣Ynan
∣∣∣∣ > M2

)
<

ϵ

2
for all n ≥ N2.

Set M := 2max(M1,M2), N := max(N1, N2). Then, for all n ≥ N

P

(∣∣∣∣Xn + Yn
an

∣∣∣∣ > M

)
≤ P

(∣∣∣∣Xn

an

∣∣∣∣+ ∣∣∣∣Ynan
∣∣∣∣ > M

)
≤ P

(
2

∣∣∣∣Xn

an

∣∣∣∣ > M ∨ 2

∣∣∣∣Ynan
∣∣∣∣ > M

)
≤ P

(
2

∣∣∣∣Xn

an

∣∣∣∣ > M

)
+ P

(
2

∣∣∣∣Ynan
∣∣∣∣ > M

)
≤ P

(∣∣∣∣Xn

an

∣∣∣∣ > M1

)
+ P

(∣∣∣∣Ynan
∣∣∣∣ > M2

)
<

ϵ

2
+

ϵ

2

= ϵ

leading to Xn + Yn = OP (an).

Now, let Xn = oP (an) and Yn = oP (an). Then, analogously to the above inequalities,

6
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we obtain for arbitrary ϵ > 0 that

P

(∣∣∣∣Xn + Yn
an

∣∣∣∣ ≥ ϵ

)
≤ P

(∣∣∣∣Xn

an

∣∣∣∣ ≥ ϵ

2

)
+ P

(∣∣∣∣Ynan
∣∣∣∣ ≥ ϵ

2

)
−−−→
n→∞

0

as both summands converge to zero by definition of oP (an). Hence, Xn + Yn = oP (an).

(d) Let Xn = OP (an) and Yn = OP (bn). For arbitrary ϵ > 0 there exists M1,M2 > 0 and

N1, N2 ∈ N such that

P

(∣∣∣∣Xn

an

∣∣∣∣ > M1

)
<

ϵ

2
for all n ≥ N1

and

P

(∣∣∣∣Ynbn
∣∣∣∣ > M2

)
<

ϵ

2
for all n ≥ N2.

Set M := max(M1,M2)
2, N = max(N1, N2). Then, for all n ≥ N

P

(∣∣∣∣XnYn
anbn

∣∣∣∣ > M

)
≤ P

(∣∣∣∣Xn

an

∣∣∣∣2 > M ∨
∣∣∣∣Ynan

∣∣∣∣2 > M

)

≤ P

(∣∣∣∣Xn

an

∣∣∣∣2 > M

)
+ P

(∣∣∣∣Ynan
∣∣∣∣2 > M

)

≤ P

(∣∣∣∣Xn

an

∣∣∣∣ > M1

)
+ P

(∣∣∣∣Ynan
∣∣∣∣ > M2

)
<

ϵ

2
+

ϵ

2

= ϵ,

which results in XnYn = OP (anbn). Similarly, we would show that oP (an)oP (bn) =

oP (anbn). As we do not need this particular statement in the thesis, we omit the proof here.

(e) Let Xn = oP (an) and Yn = OP (bn). Let ϵ̃ > 0, then we have to show that

∀ϵ > 0∃N ∈ N∀n ≥ N : P

(∣∣∣∣XnYn
anbn

∣∣∣∣ ≥ ϵ̃

)
< ϵ. (2.1)

So, let ϵ > 0. By definition of OP (bn), we know that there exist M > 0 and Ñ ∈ N such

that

P

(∣∣∣∣Ynbn
∣∣∣∣ > M

)
<

ϵ

2
.

7
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for all n ≥ Ñ . Now, by definition of oP (an), we know that there is N̂ ∈ N such that

P

(∣∣∣∣Xn

an

∣∣∣∣ ≥ ϵ̃

M

)
<

ϵ

2
.

for all n ≥ N̂ . Set N := max(Ñ , N̂). Then, for all n ≥ N

P

(∣∣∣∣XnYn
anbn

∣∣∣∣ ≥ ϵ̃

)
≤ P

(∣∣∣∣Xn

an

∣∣∣∣ ≥ ϵ̃

M
∨
∣∣∣∣Ynbn

∣∣∣∣ > M

)
≤ P

(∣∣∣∣Xn

an

∣∣∣∣ ≥ ϵ̃

M

)
+ P

(∣∣∣∣Ynbn
∣∣∣∣ > M

)
<

ϵ

2
+

ϵ

2

= ϵ.

Hence, we verified (2.1), which means that for all ϵ̃ > 0

P

(∣∣∣∣XnYn
anbn

∣∣∣∣ ≥ ϵ̃

)
−−−→
n→∞

0.

This proves XnYn = oP (anbn).

(f) Let Xn = OP (an) whereby an converges to zero. Let ϵ̃ > 0, then we want to show that

∀ϵ > 0∃N ∈ N∀n ≥ N : P (|Xn| > ϵ̃) < ϵ. (2.2)

Therefore, let ϵ > 0. By definition of OP (an), there exist M > 0 and Ñ ∈ N such that

P

(∣∣∣∣Xn

an

∣∣∣∣ > M

)
< ϵ

for all n ≥ Ñ . Furthermore, choose N̂ ∈ N such that

M |an| < ϵ̃

for all n ≥ N̂ . This is possible since an converges to zero. Now set N := max(Ñ , N̂), then

for all n ≥ N

P (|Xn| > ϵ̃) ≤ P (|Xn| > M |an|) < ϵ,

which shows (2.2). This leads to Xn = oP (1).

(g) Let An ∈ Rp×p be invertible, (an) be a sequence converging to zero and A−1
n = O(1),

8
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Xn = OP (an) such that (An +Xn)
−1 = O(1). Then we have

A−1
n − (An +Xn)

−1 = A−1
n (I −An(An +Xn)

−1) = A−1
n (An +Xn −An)(An +Xn)

−1

= A−1
n Xn(An +Xn)

−1 = O(1)OP (an)OP (1)

(a)
= OP (1)OP (an)OP (1)

(d)
= OP (an),

leading to the assertion being shown.

(h) We just refer to the proof of (g) since it is shown in an analogous manner.

Now, we want to state Jensen’s inequality. As we provide the assertion without proof,

we refer for example to [Dur19] on how to show this.

Proposition 1 (Jensen’s inequality). Let (Ω,F , P ) be a probability space, X an integrable

real-valued random variable and φ a convex function. Then

φ(E(X)) ≤ E(φ(X))

whereby equality holds if and only if there is a convex set A such that P (X ∈ A) = 1 and

φ is linear on A.

At last, we state Lyapunov’s Central Limit Theorem, which is a variant of the classic

Central Limit Theorem. Again, we omit the proof and refer to [Kle14].

Proposition 2 (Lyapunov’s Central Limit Theorem). For every n ∈ N let kn ∈ N and

Xn,1, Xn,2, ..., Xn,kn

be random variables such that (Xn,i)i=1,...,kn is an independent family of random variables

for every n ∈ N. Suppose that the mean µn,i and variance σ2
n,i of each Xn,i is finite.

Further, define

S2
n =

kn∑
i=1

σ2
n,i

and assume that for some δ > 0 Lyapunov’s condition

lim
n→∞

1

S2+δ
n

kn∑
i=1

E
(
|Xn,i − µn,i|2+δ

)
= 0

holds. Then the sum with the summands
Xn,i−µn,i

Sn
converges in distribution to the standard

normal distribution, i.e.

1

Sn

kn∑
i=1

(Xn,i − µn,i)
d−→ N (0, 1).

Next chapter will cover an introduction on regression discontinuity designs.

9



3 REGRESSION DISCONTINUITY DESIGNS

3 Regression Discontinuity Designs

The goal of this chapter is to provide a brief overview of regression discontinuity designs

including the underlying statistical frameworks and methods for estimation and inference.

For the sake of this introduction, we mainly follow the content of the presentation of

Matias Cattaneo and Rocio Titiunik on the foundations of regression discontinuity designs,

which was held at a conference of National Bureau of Economic Research [CT21]. Some

additional information is also taken from the according paper [CIT19]. If the content is

taken from other references, it is given in the respective paragraphs.

3.1 Designs and Frameworks

Regression discontinuity design (short: RDD) is a statistical design built to determine the

effect of a so-called treatment variable on some outcome variable, whereby the treatment

is applied depending on an observation (also called score) being above or below a certain

threshold, the so-called cutoff. This means that entities having that observational variable

greater than the threshold will receive the treatment, while the others will not.

This setting can be used to create a sample for which the treatment can be assumed to

be applied randomly. In fact, this can be done by looking at a small interval around the

cutoff as the entities that fall inside can be assumed to have similar characteristics since

they are all close to the cutoff. In this area just a very small change in the score can cause

the treatment to be applied or not. Therefore, we can assume it to be randomly applied

around the cutoff point. Therefore, RDD is highly beneficial when the treatment cannot

immediately be assumed to be received on a random basis.

Once we chose that interval around the cutoff, we can estimate the function of the

outcome variable at the left and right side of the cutoff, respectively. This can be done by

either local polynomial methods or so-called local randomization methods. Local random-

ization methods rely on assumptions regarding local random assignment of the treatment

near the cutoff and use arguments from the study on analysis of experiments. However,

throughout this introduction, we want to focus on local polynomial methods relying on

continuity and differentiability assumptions. In fact, these methods perform local polyno-

mial regression separately for the left and the right side of the cutoff. Then, the distance

(difference in y-coordinates) between the endpoints of the regression functions at the cut-

off can be measured and interpreted as the effect of the treatment on the outcome. To

describe that more precisely, we need to impose some terminology and notations:

• (Xi, Yi), i = 1, ..., n are n independent random variables whereby Xi is the observa-

tion (or score) and Yi the outcome

• c is the cutoff

• Ti ∈ {0, 1} is the treatment defined by Ti = 1(Xi ≥ c)

10
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• Yi(1) and Yi(0) are the conditional outcomes in case the treatment is applied or not,

respectively, whereby Yi = Yi(0)(1− Ti) + Yi(1)Ti

• The average treatment effect τY at the cutoff is defined by

τY = E(Yi(1)− Yi(0) | Xi = c) = lim
x↘c

E(Yi | Xi = x)− lim
x↗c

E(Yi | Xi = x)

Indeed, as the average treatment effect τY describes the impact of the treatment on the

outcome, it is our value of interest which we want to estimate. By estimation, we try

to approximate this value by the abovementioned distance of the regression functions at

the cutoff. Given the above notation, we can visualize the average treatment effect as in

Figure 1.

Figure 1: Average treatment effect as the jump at the cutoff (visualized by using the
R package ggplot2 [Wic16])

As we will see in the subsequent explanations, the estimation relies on choosing a

bandwidth h, which determines the interval around the cutoff. Indeed, just the data

points satisfying Xi ∈ [c − h, c + h] are considered for estimation. The choice of that

bandwidth can be quiet tricky since a too small or too big choice can lead to under- or

over-smoothing. We will come back to that problem in more detail later on. However, the

11
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estimated version of the average treatment effect via local linear regression, denoted by

τ̂h, is visualized in Figure 2.

Figure 2: Estimation of the average treatment effect (visualized by using the R packages
rdrobust [CCFT22] and ggplot2 [Wic16])

As there are several small variations of the design that is described above, we will cover

those within the next subsections.

3.1.1 Sharp RDD

The term sharp refers to the jump of the treatment probability from zero to one at the

cutoff point. Indeed, Sharp RDD is exactly what we described above with the important

property that Ti = 1(Xi ≥ c). Therefore, we do not need further explanation here.

3.1.2 Fuzzy RDD

In Fuzzy RDD, we have the same setup as above, including the fact that the treatment

probability jumps at the cutoff. Yet, the only difference is that the jump does not neces-

sarily has to be from zero to one. In real-world scenarios, a sharp threshold, which divides

the entities into receiving or not receiving a treatment, often cannot be conducted. Rather,

there still would be units receiving a treatment even though they are below the threshold

12
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and vice versa. This situation is called imperfect compliance, in contrast to Sharp RDD,

where we have perfect compliance. We can also establish a one-sided terminology: If all

units with score less than the cutoff do not receive the treatment, but also some of the

units with score above the cutoff do not receive the treatment, we speak of left-sided com-

pliance. Vice versa, we can also define right-sided compliance. In both cases we can also

just say one-sided compliance.

In order to design that behaviour, it is necessary to divide between units which are

assigned to the treatment, and units which actually receive the treatment. Therefore,

we need to introduce a variable Ti which indicates whether the unit is assigned to the

treatment. Indeed, Ti would be defined as in the Sharp RDD case, namely Ti = 1(Xi ≥ c).

In addition, we need a variable Di which determines if a unit actually receives a treatment.

There are two potential outcomes for this, Di(0), the indicator of receiving a treatment

in case the unit is not assigned to it, and Di(1), the indicator of receiving a treatment in

case the unit is assigned to it. Hence, Di = Di(0)(1 − Ti) +Di(1)Ti. Figure 3 visualizes

the difference of sharp RDD and fuzzy RDD in the conditional probability of receiving

the treatment given the score value.

As there now can be four different possible situations (because Ti, Di ∈ {0, 1}), we
have four different potential outcomes for Yi. That is Yi(1, Di(1)) = Di(1)Yi(1, 1) + (1 −
Di(1))Yi(1, 0), which either results in Y (1, 0) or Y (1, 1), and Yi(0, Di(0)) = Di(0)Yi(0, 1)+

(1−Di(0))Yi(0, 0), which similarly either results in Y (0, 0) or Y (0, 1). Then, the observed

outcome is Yi = TiYi(1, Di(1)) + (1− Ti)Yi(0, Di(0)).

In an analogous way to Sharp RDD, we can now define the average treatment effect

at the cutoff by

τ fuzzyY = lim
x↘c

E(Yi | Xi = x)− lim
x↗c

E(Yi | Xi = x)

= lim
x↘c

E(Yi(1, Di(1)) | Xi = x)− lim
x↗c

E(Yi(0, Di(0)) | Xi = x).

3.1.3 Kink RDD

Kink Designs cover the situation where the treatment is assigned via a continuous score

formula, but the slope of the conditional expectation of the outcome given the score

changes discontinuously at the cutoff point [CT21]. Then, the average treatment effect

would be zero in the above manner. However, since the slope changes at the cutoff, there

is still an effect of the treatment on the outcome. To describe this effect, we can examine

the jump of the first derivatives of the conditional expectation of the outcome, given the

score, at the cutoff point. This is visualized in Figure 4. Indeed, we describe the average

treatment effect by

τkinkY = lim
x↘c

d

dx
E (Yi | Xi = x)− lim

x↗c

d

dx
E (Yi | Xi = x)

13
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(a) Sharp RDD (perfect compliance)

(b) Fuzzy RDD (imperfect compliance)

Figure 3: Comparison of the conditional probability of receiving the treatment between
sharp and fuzzy RDD (visualized by using the R package ggplot2 [Wic16])

which can now be estimated, e.g. by using local-quadratic estimators as suggested in

[CCT14].

3.1.4 RDD with Multiple Cutoffs or Multiple Scores

RDD can also be modelled by using multiple cutoffs or multiple scores as described by

[CTVB20]. There are three main settings:

• Non-cumulative multiple cutoffs: Here the units are assigned to different groups

whereby each one is provided with their own univariate score. So the cutoff value is

different with every group.

• Cumulative multiple cutoffs: All units are assigned a univariate score whereby a

different treatment is applied with different score values. That means, there are

multiple cutoff points which each induce its own treatment to the respective unit.
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(a) Without derivative

(b) With derivative

Figure 4: Conditional expectations of potential outcomes and their derivatives at the
cutoff in kink RDD (visualized by using the R package ggplot2 [Wic16])

• Multiple scores: Units are assigned multiple scores and the treatment is assigned

depending on all score values.

Modelling for non-cumulative multiple cutoffs Xi is the running variable and

(Yi(0), Yi(1)) are the potential outcomes. As the new aspect is now that the cutoff can

differ with each entity, the cutoff is described by a random variable Ci ∈ C with C =

{c1, c2, ..., cJ}. That means, Ci partitions the population into different groups. Then, the

treatment variable Ti is described by Ti = 1(Xi ≥ Ci). In a sharp setting, we now refer

to the cutoff-specific average treatment effect τmc
Y (c) for c ∈ C as

τmc
Y (c) = lim

x↘c
E (Yi | Xi = x,Ci = c)− lim

x↗c
E (Yi | Xi = x,Ci = c) .
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The pooled average treatment effect is then defined by

τP = lim
x↘0

E
(
Yi | X̃i = x

)
− lim

x↗0
E
(
Yi | X̃i = x

)
whereby X̃i = Xi − Ci is the centered running variable. We can rewrite τP as

τP =
∑
c∈C

τmc
Y (c)ω(c) , ω(c) =

fX|C(c | c)P (Ci = c)∑
c∈C fX|C(c | c)P (Ci = c)

,

which can now be estimated using local polynomial methods. Please refer to Figure 5 for

a visualization of the average treatment effect in a setting of two non-cumulative cutoffs.

Figure 5: Average treatment effect for non-cumulative multiple cutoffs (visualized by using
the R package ggplot2 [Wic16])
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Modelling for cumulative multiple cutoffs With different cutoffs the applied treat-

ment (or the intensity of the treatment) changes. Therefore, we have multiple cutoff points

c1, ..., cJ and treatments Ti ∈ {t1, ..., tJ+1} such that Ti = tj if cj−1 ≤ Xi ≤ cj , whereby

we set c0 = −∞ and cJ+1 = ∞. Hence, we have the potential outcomes Y (tj), j = 1, ..., J .

Indeed, then we also have J average treatments effects τmc
j , j = 1, ..., J for each of the

cutoffs, namely

τmc
j = E (Yi(tj+1)− Yi(tj) | Xi = cj) = lim

x↘cj
E (Yi | Xi = x)− lim

x↗cj
E (Yi | Xi = x) .

Again, these average treatment effects can be estimated by using local polynomial methods.

Modelling for multiple scores The model given here includes two running variables

since this case is studied most often in practice. It can be generalized for more than two

running variables without much effort. Therefore, we consider running variables Xi =

(X1i, X2i). Hence, the threshold or cutoff is no longer a single value anymore, rather it is

a boundary B of the so-called treated area Bt, which we assume to be a compact set. The

so-called control region is the area, in which the treatment is not applied, i.e. Bc = R2\Bt.

As an example, we can refer to [CIT23] with according visualization in Figure 6, in which

the first dimension of the running variable is the student’s score in a language test and the

second dimension the score in a mathematics test. We could now state that every student

with a mathematics score better than 60, and a language score better than 80 receives a

certain treatment. Then the boundary B would be

B = {x1 ≥ 80, x2 = 60} ∪ {x1 = 80, x2 ≥ 60}.

Now, we can describe the average treatment effect τms
Y (b) for every point b ∈ B on the

boundary by

τms
Y (b) = lim

∥x−b∥→0,
x∈Bt

E (Yi | Xi = x)− lim
∥x−b∥→0,

x∈Bc

E (Yi | Xi = x)

under sufficient regularity conditions in order for the limits to be well-defined.

3.2 Estimation

In general, as already mentioned above, we can distinguish two different methods for es-

timation. On the one hand, we have the local polynomial approach and, on the other

hand, the local randomization approach. Local randomization methods require stronger

assumptions than the local polynomial approach. However, this approach can be particu-

larly useful when the local polynomial approach is not feasible due to insufficient data or

for backing up the estimation by an additional result. Mainly, the randomization approach

relies on two major assumptions: The first is that there needs to be a window around the

cutoff in which the treatment can be assumed to be randomly assigned. Secondly, the po-
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Figure 6: The average treatment effect for multiple scores (visualized by using the R

package ggplot2 [Wic16])

tential outcomes have to be unaffected by the score. Then, estimation can be conducted

by using methods of randomized experiments. For more details and a formalization of

this, we refer to [CIT23].

We want to use local linear regression for estimating the average treatment effect in a

sharp RDD setting with covariates later on. Therefore, we will just focus on the average

treatment effect estimation in sharp RDD settings by using the local polynomial approach

as described in [CIT19]. For the study of estimation and inference in other settings and

by other methods, please refer to [CIT23].

3.2.1 Overview

As already mentioned above, the average treatment effect in a sharp setting corresponds

with the vertical distance between the functions E(Yi(1) | Xi = x) and E(Yi(0) | Xi = x)

at the cutoff c. Here the problem is that data sets contain not enough information to
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exactly describe these functions. Hence, we need to approximate these functions and use

regression functions in order to determine the distance at the cutoff. In order that this

estimator is meaningful, we need to assume continuity of E(Yi | Xi = x) from the left and

right side in c. As suggested by [CIT19], local polynomial regression, that means regression

via a polynomial in a neighborhood around the cutoff, should be used to achieve a good

estimator of the average treatment effect. This is done locally since a global regression

is too vulnerable to extreme points that may occur far away from the cutoff, leading to

a misleading estimator. In contrast to that, regression via low order polynomials in a

small neighborhood around the cutoff is quiet resilient to outliers that are more far away.

However, choosing the neighborhood too small can also dilute the estimator due to too

few data points within the neighborhood. In the subsequent content, we will address this

problem by considerations on the bandwidth choice. But first we discuss the procedure of

estimation itself in more detail.

3.2.2 Procedure

As described above, local polynomial estimation takes observations near the cutoff into

consideration. We do that by choosing a bandwidth h > 0 such that all data points

within the interval [c − h, c + h] are used for a polynomial regression. In fact, we want

to perform the regression separately for the control and treatment area. That means, we

do regressions on the respective intervals [c − h, c] and [c, c + h]. Since points more far

away from the cutoff are of less importance than points closer to the cutoff, we also want

to implement a weighting scheme by setting up a kernel function. In particular, local

polynomial estimation can be described with the following steps:

1. A polynomial order m of the regression and a kernel function K have to be chosen.

2. A bandwidth h has to be chosen.

3. A polynomial regression of order m for the treatment area (c ≤ Xi ≤ c + h) has

to be performed: A weighted least squares regression of the observed outcome on a

constant and powers of the running variable can be conducted whereby we use the

kernel function K, i.e.

θ̂+n = argmin
(θ+0 ,...,θ+m)∈Rm+1

n∑
i=1

1

h
K

(
Xi − c

h

)(
Yi − θ+0 − θ+1

(
Xi − c

h

)

−...− θ+m

(
Xi − c

h

)m)2

.

4. In an analogous way, we perform a local polynomial regression of order m for the
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control area (c− h ≤ Xi ≤ c), i.e.

θ̂−n = argmin
(θ−0 ,...,θ−m)∈Rm+1

n∑
i=1

K

(
Xi − c

h

)(
Yi − θ−0 − θ−1

(
Xi − c

h

)

−...− θ−m

(
Xi − c

h

)m)2

.

5. The first entry of θ̂+n and θ̂−n are estimates of the points E(Yi(1) | Xi = c) and

E(Yi(0) | Xi = c), respectively. Therefore, we can now estimate the sharp RDD

average treatment effect by

τ̂h = θ+0 − θ−0

whereby θ+0 =
(
θ̂+n

)(1)
and θ−0 =

(
θ̂−n

)(1)
.

This procedure is visualized in Figure 7, whereby the order m = 1 for linear regression

is chosen. Step 3 and 4 can also be performed in one single least squares regression via

regression of Yi on Ti, Xi and XiTi. In case of m = 1, that is local linear regression, it

looks like

θ̂n = argmin
θ∈R4

n∑
i=1

1

h
K

(
Xi − c

h

)(
Yi − θ(1) − θ(2)Ti − θ(3)

Xi − c

h
− θ(4)

Ti(Xi − c)

h

)2

.

Then, as the second component of θ̂n describes the impact of the treatment on the outcome,

we can estimate the average treatment effect by

τ̂h = θ̂(2)n .

In the next sections, we will discuss the choice of the order m, the bandwidth h as well

as the kernel K.

3.3 Kernel and Polynomial Order

Kernel functions are used to weight the importance of data points within the bandwidth

interval. Typical properties of a kernel are that it is non-negative, integrable, compactly

supported and integrates to one. There are three kernels that are most commonly used

throughout the RDD research:

• Triangular kernel: K : R → [0,∞),K(x) = max(1− |x|, 0)

• Uniform kernel: K : R → [0,∞),K(x) = 1
2 · 1(|x| ≤ 1)

• Epanechnikov kernel: K : R → [0,∞),K(x) = 3
4(1− x2)1(|x| ≤ 1)

Since we just want to weight points within the bandwidth, we use the scaled kernel func-

tions given by Kh(x) =
1
hK

(
x−c
h

)
, which are visualized in Figure 8. As the choice of the

kernel function does not have a strong impact on inference, each of the options would be
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Figure 7: Local linear regression for estimation of the average treatment effect in a sharp
RD design (visualized by using the R packages rdrobust [CCFT22] and ggplot2 [Wic16])

an appropriate choice. Nonetheless, [CIT19] suggests using the triangular kernel as this

implies an estimator with optimal properties when used with a MSE-optimized bandwidth.

As written above, we also need to choose the degree of the regression polynomial. First

of all, a degree of zero, that is a constant regression function, is not very beneficial since

it can cause huge errors at the boundary points which are our points of interest in RDD.

Therefore, we need to choose a degree of at least one. Of course, given a fixed bandwidth,

choosing a larger degree makes the regression more accurate. However, a larger degree

also implies stronger variability of the treatment effect estimator. Especially the values

at the boundary points may tend to be more unreliable. Hence, linear regression is most

commonly used in RDD research [CIT19].

Even more important is the appropriate choice of the bandwidth since this determines
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Figure 8: Different kernel functions as weighting scheme for the local regression (visualized
by using the R package ggplot2 [Wic16])

whether our local linear regression delivers useful and reliable results or not. This will be

discussed next.

3.4 Choice of Bandwidth

We start by motivating the discussion on the bandwidth choice. Figure 9 illustrates

the estimation of the average treatment effect via local linear regression for two different

choices of the bandwidth. It suggests that different bandwidth choices can lead to different

regression errors at the cutoff and therefore to a varying precision of our estimator. We

can see in the graph that bandwidth h1 leads to a much better approximation than h2

since the function is almost linear in this interval around the cutoff. Indeed, decreasing

the bandwidth for a fixed polynomial order will lower the bias, that is the error of the

estimator. However, we have to pay attention since lowering the bandwidth also causes

less observations that fall inside the bandwidth area leading to an increasing variance of
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Figure 9: Bandwidth comparison for estimation by local linear regression (visualized by
using the R packages rdrobust [CCFT22] and ggplot2 [Wic16])

our estimator. This is why we cannot just lower the bandwidth as much as we want in

order to decrease the bias. Rather, we have to find a balance between bias and variance,

which is also called bias-variance trade-off. Therefore, the most popular approach is to

minimize the mean squared error

MSE(τ̂h) = Bias2(τ̂h) + Var(τ̂h).

MSE-optimal bandwidth In order to determine a bandwidth which optimizes the

MSE, we have to find expressions for both bias and variance of the estimator. We want

to omit the details here since the representations will be shown in the more general case

when covariates are included. Yet, we want to present the main statements in order to
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be able to compare the results of the setting with and without covariates, and to examine

if covariates actually enhance the precision of our estimator. The approximate bias and

variance can be described by

Bias(τ̂h) = h2(m+1)B and Var(τ̂h) =
1

nh
V

whereby B and V are constants which do not depend on the sample size and the bandwidth

choice. We have

B = B+ − B−, B− ≈ µ
(m+1)
− B−, B+ ≈ µ

(m+1)
+ B+ (3.1)

with µ
(k)
− = limx↗c

dk

dxkE(Yi(0) | Xi = x) and µ
(k)
+ = limx↘c

dk

dxkE(Yi(1) | Xi = x) for some

constants B− and B+ depending on the kernel function and the order of the polynomial

used for regression. Moreover,

V = V+ + V−, V− ≈
σ2
−
f

V−, V− ≈
σ2
+

f
V+ (3.2)

whereby

σ2
− = lim

x↗c
Var(Yi(0) | Xi = x) and σ2

+ = lim
x↘c

Var(Yi(1) | Xi = x)

for some constants V− and V+ depending on the kernel and the polynomial regression

order, and f describing the density of the score at the cutoff. Finding the MSE-optimal

bandwidth is now reduced to solving the minimization problem

min
h>0

(
h2(m+1)B2 +

1

nh
V
)
.

Doing that, we obtain

hMSE =

(
V

2(m+ 1)B2

) 1
2m+3

n− 1
2m+3

which is the MSE-optimal bandwidth. In practice, as V and B are unknown, this equation

is infeasible to solve. Therefore, these variables need to be estimated, which is for example

described in [CIT19] and [IK12]. We do not go into more detail here and rather discuss

next, how our estimator can be improved by including additional covariates.

3.5 Including Covariates

Additionally to the above described RDD, we could come up with the question if additional

information about the units increases the precision of our estimator and helps to determine

the impact of the treatment on the outcome. So let us assume that we have covariates

Zi ∈ Rp, i = 1, ..., n, whose information we also want to incorporate into our regression.

24



3.5 Including Covariates 3 REGRESSION DISCONTINUITY DESIGNS

As described in [CCFT19], there are several ways to do that, which all result in slightly

different assumptions on the covariates. Here, we just want to focus on one method which

includes the covariates in the local linear regression linearly. Indeed, we naturally extend

the regression without covariates, that is

Ŷi = θ̂1 + θ̂2Ti + θ̂3
Xi − c

h
+ θ̂4

Ti(Xi − c)

h
,

to a regression of the form

Ỹi = θ̃1 + θ̃2Ti + θ̃3
Xi − c

h
+ θ̃4

Ti(Xi − c)

h
+ Z⊤

i γ̃

with γ̃ ∈ Rp. Then, θ̃2 is an estimator for the average treatment effect including covariates,

which we also call covariate-adjusted estimator. In order that this estimator is consistent,

we need to impose assumptions that contain, on the one hand, the well-known continuity

assumptions of RDD without covariates and, on the other hand, additional assumptions

regarding the covariates. One of the main requirements is that the covariates need to be

pre-treatment covariates, which means that the treatment has no impact on the covariates.

We can formalize this by the key assumption

µZ+ = µZ−,

whereby µZ− = limx↗c E(Zi | Xi = x) and µZ+ = limx↘c E(Zi | Xi = x), which particu-

larly states that E(Zi | Xi = x) has no jump at the cutoff.

Mostly, the covariate-adjusted estimator is more efficient than the baseline estimator

without considering covariates. Nonetheless, particularly if the number of covariates is

relatively high in comparison to the number of observations, the estimator lacks efficiency

and provides a misleading approximation in settings with finitely many samples. This is

due to overfitting, which is caused by too many unknown parameters diluting the result.

Especially, when the number of covariates exceeds the number of observations, the above

estimator θ̃2 is not even uniquely defined. For this reason, the covariate-adjusted estimator

of the average treatment effect is just considered to be appropriate in low-dimensional

settings [KR21].

As mentioned in the introduction, the first main goal of this thesis is to prove that this

estimator is consistent and asymptotically normally distributed under sufficient regularity

conditions. This means we want to show that

√
nh
(
τ̂h − τY − h2Bn

)
Sn

d−→ N (0, 1)

whereby τ̂h is the covariate-adjusted estimator, τY the average treatment effect, Bn the

bias and Sn the variance. This will be proved in Chapter 7, in which we will also give

explicit representations of the bias and the variance and discuss the improvement of those

caused by including covariates. Of course, as multiple assumptions are necessary in order

25



3.5 Including Covariates 3 REGRESSION DISCONTINUITY DESIGNS

that the above statement holds, they will also be given within this chapter.

Chapter 4 until 6 will provide us will all the necessary foundations in order to be able

to prove the main theorem. In particular, the next chapter will formally impose all the

required terminology and notation as we define our RDD setup with covariates used in

the remainder of this thesis.
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4 Setup and Notation

The data is given by an independent sample {(Yi, Xi, Zi), i = 1, ..., n} whereby n is the

population size, Yi ∈ R is the outcome variable, Xi ∈ R the running variable with its

probability density function fX and Zi ∈ Rp is a vector of pre-treatment covariates. The

running variable Xi decides whether a unit receives a treatment or not. In fact, we define

the treatment variable Ti by Ti := 1(Xi ≥ c), which means that a treatment is applied if

and only if the running variable exceeds a certain cutoff c. Without loss of generality and

for the sake of simplicity we want this cutoff to be zero throughout the remaining content,

that is c = 0 and Ti = 1(Xi ≥ 0). Also, we have the potential outcomes Yi(0) and Yi(1),

which are random variables for the outcome in case a unit receives a treatment or not,

respectively. Therefore, we have that Yi = Yi(Ti), which is the real outcome depending on

the value of the treatment variable.

Since we are interested in the impact of the treatment on the outcome variable, we

want to examine the average treatment effect

τY = E(Yi(1)− Yi(0) | Xi = 0).

As we will always be in the situation that E(Yi | Xi = x) is left- and right-continuous in

zero, we can also determine it by

τY = lim
x↘0

E(Yi | Xi = x)− lim
x↗0

E(Yi | Xi = x).

For arbitrary random variables A and B, we want to define µA(x) = E(A | Xi = x),

σ2
AB(x) = µAB⊤(x) − µA(x)µB(x)

⊤ and σ2
A(x) = σ2

AA(x). Moreover, given a function

f for which the left- and right-sided limit in zero exists, we set f+ = limx↘0 f(x) and

f− = limx↗0 f(x). Then we can also represent the average treatment effect by

τY = µY+ − µY−.

Indeed, this is the value that we want to estimate by a consistent estimator. We will do

that by using the local linear adjustment estimator

τ̂h = e⊤2
(
θ̂n, γ̂n

)
,

whereby (
θ̂n, γ̂n

)
= argmin

(θ,γ)∈Rp+4

n∑
i=1

Kh(Xi)
(
Yi − V ⊤

i θ − Z⊤
i γ
)2

.

Here K is a kernel function,

Kh(x) :=
1

h
K
(x
h

)
,
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h > 0 the bandwidth and

Vi :=


1

Ti

Xi/h

TiXi/h

 .

For the sake of notational simplicity we will just write Vi instead of Vi(h) and omit its

dependency of h. However, it should be noted that this dependency exists and also needs

to be considered when looking at the convergence of expressions containing Vi. Moreover,

if we use the term kernel in the remainder of this thesis, we refer to a function which is

defined as follows.

Definition 4.1 (Kernel function). A kernel is a function f : R → R which

• is non-negative and integrable,

• integrates to one, i.e.
∫∞
−∞K(x) dx = 1 and

• is symmetric, i.e. K(−x) = K(x).

In order to proof the asymptotic normality later on, we will have to deal with the

regression error

ri(h) = Yi − V ⊤
i θ0(h)− Z⊤

i γ0(h)

whereby θ0(h) and γ0(h) are the population regression coefficients defined by

(
θ0(h), γ0(h)

)
= argmin

(θ,γ)∈Rp+4

E
(
Kh(Xi)

(
Yi − V ⊤

i θ − Z⊤
i γ
)2)

.

The goal of the next chapter is to show that

θ
(2)
0 = τY + h2Bn

whereby we will derive an explicit representation for the bias Bn.
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5 COMPUTING THE BIAS

5 Computing the Bias

The aim of this section is to provide a representation of the bias. This will be achieved

by using a kernel matrix and performing numerous Taylor expansions. We do this by

adapting the approach of [KR21] to the case of a fixed number of covariates. Overall, this

chapter builds the foundation for the first step of the proof of asymptotic normality of our

average treatment effect estimator.

We start with a simple definition, before we begin with the proof of invertibility of the

kernel matrix.

Definition 5.1. Let L : R → R be an arbitrary integrable function. Then we define

L
(α)
− =

∫ 0

−∞
L(u)uα du, L

(α)
+ =

∫ ∞

0
L(u)uα du and L(α) =

∫ ∞

−∞
L(u)uα du.

Please recall that a kernel function, in particular, is symmetric and integrates to one

by our definition.

Lemma 5.1. Let K be a kernel with K(2) < ∞. Then the matrix

κ(K) :=


K(0) K

(0)
+ K(1) K

(1)
+

K
(0)
+ K

(0)
+ K

(1)
+ K

(1)
+

K(1) K
(1)
+ K(2) K

(2)
+

K
(1)
+ K

(1)
+ K

(2)
+ K

(2)
+


is invertible.

Proof. We prove that the determinant of the matrix is unequal to zero. The fact that

K(0) = 1,K
(0)
+ = K

(0)
− =

1

2
,K

(1)
+ = −K

(1)
− ,K(1) = 0 and K

(2)
+ = K

(2)
− (5.1)

will be useful in the following calculation:

detκ(K)

= 1 · det


1
2 K

(1)
+ K

(1)
+

K
(1)
+ 2K

(2)
+ K

(2)
+

K
(1)
+ K

(2)
+ K

(2)
+

− 1

2
det


1
2 0 K

(1)
+

K
(1)
+ 2K

(2)
+ K

(2)
+

K
(1)
+ K

(2)
+ K

(2)
+



+ 0det


1
2 0 K

(1)
+

1
2 K

(1)
+ K

(1)
+

K
(1)
+ K

(2)
+ K

(2)
+

−K
(1)
+ det


1
2 0 K

(1)
+

1
2 K

(1)
+ K

(1)
+

K
(1)
+ 2K

(2)
+ K

(2)
+


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=
1

2
(2K

(2)
+ K

(2)
+ − (K

(2)
+ )2)−K

(1)
+ (K

(1)
+ K

(2)
+ −K

(1)
+ K

(2)
+︸ ︷︷ ︸

=0

) +K
(1)
+ (K

(1)
+ K

(2)
+ − 2K

(1)
+ K

(2)
+ )

− 1

2
· 1
2
(2K

(2)
+ K

(2)
+ − (K

(2)
+ )2)− 1

2
K

(1)
+ K

(2)
+ K

(1)
+ +K

(1)
+ K

(1)
+ K

(2)
+

−K
(1)
+ · 1

2
(K

(1)
+ K

(2)
+ − 2K

(1)
+ K

(2)
+ )−K

(1)
+ K

(1)
+ K

(2)
+ + (K

(1)
+ )2(K

(1)
+ )2

=
1

4
(K

(2)
+ )2 − (K

(1)
+ )2K

(2)
+ + (K

(1)
+ )4

=

(
(K

(1)
+ )2 − 1

2
K

(2)
+

)2

.

This expression is not zero since

(
K

(1)
+

)2
=

(∫ ∞

0
K(u)u du

)2

=

∣∣∣∣∫ ∞

0
K(u)u du

∣∣∣∣2
=

(∫ ∞

0
K(u)|u| du

)2

=

(
1

2

∫ ∞

−∞
K(u)|u| du

)2

(∗)
<

1

4

∫ ∞

−∞
K(u)u2 du =

1

4
K(2) =

1

2
K

(2)
+ ,

whereby inequality (∗) is true due to Jensen’s inequality, which is stated in Proposition 1.

In particular, since it is applied on a non-linear function (namely quadratic function), the

implied inequality is strict. Note that we could apply Jensen’s inequality as our imposed

assumptions make K a probability density function. Overall, this proves the invertibility

of κ(K).

Next, we will define a term which is highly relevant for the remainder of this thesis.

Definition 5.2. We call a function f : R \ {0} → R k-times one-sided differentiable at 0

when

• f can be extended continuously to zero from the left and from the right,

• all derivatives of f up to order k exist on (−∞, 0) and (0,∞) and can be extended

continuously to zero from the left and from the right.

Then we denote the value of the continuous extension of f to zero from the left by f− and

from the right by f+. In an analogous manner, we use that notation for the extension of

the derivatives, such as f ′
− or f ′

+.

Please recall that the probability density function of Xi is denoted by fX . For the

subsequent considerations we need the following basic statement: Let L be an integrable

function and f : R → R be a twice one-sided differentiable function at zero. Also let fX

be twice continuously differentiable. Then, we can perform a Taylor expansion of f at

zero respectively from the left and from the right by evaluating the function at zero by

using the continuous extension. This leads to the Taylor expansion of L(u)f(uh)fX(uh)
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at h = 0 from the left, namely

L(u)f(uh)fX(uh)

= L(u)f−fX(0) + L(u) lim
x↗0

d

dx
(f(ux)fX(ux))h+

1

2
L(u) lim

x↗0

d2

dx2
(f(ux)fX(ux))h2 + o(h2)

= L(u)f−fX(0) + hL(u)u(f · fX)′− +
h2

2
L(u)u2(f · fX)′′− + o(h2)

for h → 0, and in an analogous way from the right:

L(u)f(uh)fX(uh)

= L(u)f+fX(0) + hL(u)u(f · fX)′+ +
h2

2
L(u)u2(f · fX)′′+ + o(h2)

for h → 0. As a consequence, we obtain under the additional assumption L(2) < ∞ that

E
(
1

h
L

(
Xi

h

)
f(Xi)

)
=

∫ 0

−∞

1

h
L
(x
h

)
f(x)fX(x) dx+

∫ ∞

0

1

h
L
(x
h

)
f(x)fX(x) dx

=

∫ 0

−∞
L(u)f(uh)fX(uh) du+

∫ ∞

0
L(u)f(uh)fX(uh) du

=

∫ 0

−∞

[
L(u)f−fX(0) + hL(u)u(f · fX)′− +

h2

2
L(u)u2(f · fX)′′− + o(h2)

]
du

+

∫ ∞

0

[
L(u)f+fX(0) + hL(u)u(f · fX)′+ +

h2

2
L(u)u2(f · fX)′′+ + o(h2)

]
du

= L
(0)
− f−fX(0) + L

(0)
+ f+fX(0) + h

[
L
(1)
− (f · fX)′− + L

(1)
+ (f · fX)′+

]
+

h2

2

[
L
(2)
− (f · fX)′′− + L

(2)
+ (f · fX)′′+

]
+ o(h2)

(5.2)

for h → 0. Please note that we used
∫
o(h2) du = o(h2) which can be verified by taking a

representation of the remainder term of the Taylor expansion (e.g. the Peano form) and

using the Theorem of Dominated Convergence to move the limit inside the integral.

In an analogous way, if we adjust our assumptions accordingly up to order three, we

can also state

E
(
1

h
L

(
Xi

h

)
f(Xi)

)
= L

(0)
− f−fX(0) + L

(0)
+ f+fX(0) + h

[
L
(1)
− (f · fX)′− + L

(1)
+ (f · fX)′+

]
+

h2

2

[
L
(2)
− (f · fX)′′− + L

(2)
+ (f · fX)′′+

]
+O(h3).

(5.3)
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Definition 5.3 (Average treatment effect). Let m ∈ N and A ∈ Rm be a random variable

such that the left- and right-sided limit of µA in zero exist. Then we define the average

treatment effect of Ti on A as

τA = µA+ − µA−.

Lemma 5.2. Let fX be three times continuously differentiable in a neighborhood around

zero and A a random variable such that the function µA = E(A | Xi = x) is well-defined

and three times one-sided differentiable at 0. Moreover, let K be a kernel with K(4) < ∞.

As we set

B(K,A) :=
1

2
κ(K)−1



K

(2)
+

K
(2)
+

K
(3)
+

K
(3)
+

 [µAfX ]′′+ +


K

(2)
−

0

K
(3)
−

0

 [µAfX ]′′−

 ,

it holds that

κ(K)−1E(Kh(Xi)ViA) =


fX(0)µA−

fX(0)τA

h[µAfX ]′−

h([µAfX ]′+ − [µAfX ]′−)

+ h2B(K,A) +O(h3)

for h → 0.

Proof. We have

E(Kh(Xi)ViA) = E(E(Kh(Xi)ViA | Xi))

= E(Kh(Xi)ViE(A | Xi))

=


E(Kh(Xi)E(A | Xi))

E(Kh(Xi)TiE(A | Xi))

E(Kh(Xi)
Xi
h E(A | Xi))

E(Kh(Xi)
TiXi
h E(A | Xi))


(5.4)

We perform a Taylor expansion for each of the components now. In fact, we have:

• Set L(u) = K(u) and f(x) = µA(x) in (5.3) to obtain

E(Kh(Xi)E(A | Xi)) = K
(0)
− µA−fX(0) +K

(0)
+ µA+fX(0)

+ h
(
K

(1)
− [µAfX ]′− +K

(1)
+ [µAfX ]′+

)
+

h2

2

(
K

(2)
− [µAfX ]′′− +K

(2)
+ [µAfX ]′′+

)
+O(h3).
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• Set L(u) = K(u)1(u ≥ 0) and f(x) = µA(x) in (5.3) to obtain

E(Kh(Xi)TiE(A | Xi)) = K
(0)
+ µA+fX(0) + hK

(1)
+ [µAfX ]′+

+
h2

2
K

(2)
+ [µAfX ]′′+ +O(h3).

• Set L(u) = K(u)u and f(x) = µA(x) in (5.3) to obtain

E
(
Kh(Xi)

Xi

h
E(A | Xi)

)
= K

(1)
− µA−fX(0) +K

(1)
+ µA+fX(0)

+ h
(
K

(2)
− [µAfX ]′− +K

(2)
+ [µAfX ]′+

)
+

h2

2

(
K

(3)
− [µAfX ]′′− +K

(3)
+ [µAfX ]′′+

)
+O(h3).

• Set L(u) = K(u)u1(u ≥ 0) and f(x) = µA(x) in (5.3) to obtain

E
(
Kh(Xi)

TiXi

h
E(A | Xi)

)
= K

(1)
+ µA+fX(0) + hK

(2)
+ [µAfX ]′+

+
h2

2
K

(3)
+ [µAfX ]′′+ +O(h3).

Inserting that into (5.4) delivers

E(Kh(Xi)ViA)

=


K

(0)
+

K
(0)
+

K
(1)
+

K
(1)
+

µA+fX(0) +


K

(0)
−

0

K
(1)
−

0

µA−fX(0)

︸ ︷︷ ︸
=:S1

+h



K

(1)
+

K
(1)
+

K
(2)
+

K
(2)
+

 [µAfX ]′+ +


K

(1)
−

0

K
(2)
−

0

 [µAfX ]′−


︸ ︷︷ ︸

=:S2

+
h2

2



K

(2)
+

K
(2)
+

K
(3)
+

K
(3)
+

 [µAfX ]′′+ +


K

(2)
−

0

K
(3)
−

0

 [µAfX ]′′−

+O(h3).

︸ ︷︷ ︸
=:S3

We consider all three summands separately. First remember the above properties of the
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kernel and the fact that µA+ = τA + µA−. Then

κ(K)−1S1 = fX(0)κ(K)−1



K

(0)
+

K
(0)
+

K
(1)
+

K
(1)
+

 (τA + µA−) +


K

(0)
−

0

K
(1)
−

0

µA−



= fX(0)κ(K)−1

 τA


K

(0)
+

K
(0)
+

K
(1)
+

K
(1)
+


︸ ︷︷ ︸

=:C2

+µA−


1

K
(0)
+

0

K
(1)
+


︸ ︷︷ ︸

=:C1

 = fX(0)


µA−

τA

0

0



whereby the last equality holds since C1 is the first column and C2 the second column of

κ(K). Secondly, we obtain for the second summand

κ(K)−1S2 = hκ(K)−1



K

(1)
+

K
(1)
+

K
(2)
+

K
(2)
+


︸ ︷︷ ︸

=:C4

[µAfX ]′+ +




0

K
(1)
+

K(2)

K
(2)
+


︸ ︷︷ ︸

=:C3

−


K

(1)
+

K
(1)
+

K
(2)
+

K
(2)
+


︸ ︷︷ ︸

=C4

 [µAfX ]′−



= h


0

0

[µAfX ]′−

[µAfX ]′+ − [µAfX ]′−


because C3 and C4 are the third and fourth column of κ(K) respectively. Lastly, the third

summand gives

κ(K)−1S3 = h2B(K,A) +O(h3).

By taking everything together, we obtain

κ(K)−1E(Kh(Xi)ViA) =


fX(0)µA−

fX(0)τA

h[µAfX ]′−

h([µAfX ]′+ − [µAfX ]′−)

+ h2B(K,A) +O(h3)

which is the assertion of the Lemma.
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Lemma 5.3. Let K be a kernel with K(4) < ∞. Then,

κ(K)−1 =
1(

K
(1)
+

)2
− 1

2K
(2)
+


−K

(2)
+ K

(2)
+ −K

(1)
+ K

(1)
+

K
(2)
+ −2K

(2)
+ K

(1)
+ 0

−K
(1)
+ K

(1)
+ −1

2
1
2

K
(1)
+ 0 1

2 −1

 .

Furthermore define

a1 =
2
(
K

(2)
+

)2
− 2K

(1)
+ K

(3)
+

K
(2)
+ − 2

(
K

(1)
+

)2 , a2 =
K

(3)
+ − 2K

(1)
+ K

(2)
+

K
(2)
+ − 2

(
K

(1)
+

)2 ,
b1 =

2K
(2)
+ K

(3)
+ − 2K

(1)
+ K

(4)
+

K
(2)
+ − 2

(
K

(1)
+

)2 , b2 =
K

(4)
+ − 2K

(1)
+ K

(3)
+

K
(2)
+ − 2

(
K

(1)
+

)2 ,
then

κ(K)−1


0 K

(1)
+ 2K

(2)
+ K

(2)
+

K
(1)
+ K

(1)
+ K

(2)
+ K

(2)
+

2K
(2)
+ K

(2)
+ 0 K

(3)
+

K
(2)
+ K

(2)
+ K

(3)
+ K

(3)
+

 =


0 0 a1 0

0 0 0 a1

1 0 −a2 0

0 1 2a2 a2


and

κ(K)−1


2K

(2)
+ K

(2)
+ 0 K

(3)
+

K
(2)
+ K

(2)
+ K

(3)
+ K

(3)
+

0 K
(3)
+ 2K

(4)
+ K

(4)
+

K
(3)
+ K

(3)
+ K

(4)
+ K

(4)
+

 =


a1 0 −b1 0

0 a1 2b1 b1

−a2 0 b2 0

2a2 a2 0 b2

 .

Proof. Jensen’s inequality, stated in Proposition 1, implies
(
K

(1)
+

)2
− 1

2K
(2)
+ ̸= 0 as shown

in the proof of Lemma 5.1. The rest of the statement is just a direct calculation which we

want to omit here.

Lemma 5.4. Let fX be twice continuously differentiable in a neighborhood around zero

and K be a kernel such that K(4) < ∞. For h → 0 and nh → ∞ as n → ∞, we have

κ(K)−1E(Kh(Xi)ViV
⊤
i )

= fX(0)I + f ′
X(0)h


0 0 a1 0

0 0 0 a1

1 0 −a2 0

0 1 2a2 a2

+ h2
f ′′
X(0)

2


a1 0 −b1 0

0 a1 2b1 b1

−a2 0 b2 0

2a2 a2 0 b2

+ o(h2)

whereby a1, a2, b1, b2 are defined as in Lemma 5.3.
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Proof. We have

E(Kh(Xi)ViV
⊤
i )

= E

Kh(Xi)


1

Ti

Xi
h

TiXi
h


(
1 Ti

Xi
h

TiXi
h

)


=


E(Kh(Xi)) E(Kh(Xi)Ti) E(Kh(Xi)

Xi
h ) E(Kh(Xi)

TiXi
h )

E(Kh(Xi)Ti) E(Kh(Xi)Ti) E(Kh(Xi)
TiXi
h ) E(Kh(Xi)

TiXi
h )

E(Kh(Xi)
Xi
h ) E(Kh(Xi)

TiXi
h ) E(Kh(Xi)

X2
i

h2 ) E(Kh(Xi)
TiX

2
i

h2 )

E(Kh(Xi)
TiXi
h ) E(Kh(Xi)

TiXi
h ) E(Kh(Xi)

TiX
2
i

h2 ) E(Kh(Xi)
TiX

2
i

h2 )

 .

(5.5)

To calculate these means we use Taylor expansion as stated in (5.2) in combination with

the kernel properties in (5.1), whereby we want to omit the detailed calculations here. In

fact, this results in

• E(Kh(Xi)) = fX(0) + h2f ′′
X(0)K

(2)
+ + o(h2) by setting L = K and f ≡ 1 in (5.2)

• E(Kh(Xi)Ti) = K
(0)
+ fX(0) + hf ′

X(0)K
(1)
+ + h2

2 f ′′
X(0)K

(2)
+ + o(h2) by setting L(u) =

K(u)1(u ≥ 0) and f ≡ 1 in (5.2)

• E(Kh(Xi)
Xi
h ) = 2hf ′

X(0)K
(2)
+ + o(h2) by setting L(u) = K(u)u and f ≡ 1 in (5.2)

• E(Kh(Xi)
TiXi
h ) = fX(0)K

(1)
+ +hf ′

X(0)K
(2)
+ + h2

2 f ′′
X(0)K

(3)
+ + o(h2) by setting L(u) =

K(u)u1(u ≥ 0) and f ≡ 1 in (5.2)

• E(Kh(Xi)
X2

i
h2 ) = 2fX(0)K

(2)
+ + h2f ′′

X(0)K
(4)
+ + o(h2) by setting L(u) = K(u)u2 and

f ≡ 1 in (5.2)

• E(Kh(Xi)
TiX

2
i

h2 ) = fX(0)K
(2)
+ +hf ′

X(0)K
(3)
+ + h2

2 f ′′
X(0)K

(4)
+ +o(h2) by setting L(u) =

K(u)u21(u ≥ 0) and f ≡ 1 in (5.2).

Inserting that into equation (5.5) gives

κ(K)−1E(Kh(Xi)ViV
⊤
i )

= fX(0)I + f ′
X(0)hκ(K)−1


0 K

(1)
+ 2K

(2)
+ K

(2)
+

K
(1)
+ K

(1)
+ K

(2)
+ K

(2)
+

2K
(2)
+ K

(2)
+ 0 K

(3)
+

K
(2)
+ K

(2)
+ K

(3)
+ K

(3)
+



+
h2

2
f ′′
X(0)κ(K)−1


2K

(2)
+ K

(2)
+ 0 K

(3)
+

K
(2)
+ K

(2)
+ K

(3)
+ K

(3)
+

0 K
(3)
+ 2K

(4)
+ K

(4)
+

K
(3)
+ K

(3)
+ K

(4)
+ K

(4)
+

+ o(h2).

We can finish the proof by using Lemma 5.3 now.
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From now on ∥·∥2 applied on a vector denotes the Euclidean norm. When it is applied

on a matrix, we mean the spectral norm, i.e. the operator norm induced by the Euclidean

norm.

We will also have to deal with inverses of means in the subsequent content. In case

we write down such an inverse in the assertion of one of the following lemmas, we always

implicitly assume its existence in order to keep the statements more concise and to focus

on the gist.

Lemma 5.5. Suppose ∥∥∥E(Kh(Xi)ZiZ
⊤
i )−1

∥∥∥
2
= O(1)

and assume that fX is continuous in a neighborhood around zero and µZY can be extended

continuously to zero from the left and the right. Then∥∥∥E(Kh(Xi)ZiZ
⊤
i )−1E(Kh(Xi)ZiYi)

∥∥∥
2
= O(1).

Proof. By using a well-known property of the operator norm, we obtain∥∥∥E(Kh(Xi)ZiZ
⊤
i )−1E(Kh(Xi)ZiYi)

∥∥∥
2
≤
∥∥∥E(Kh(Xi)ZiZ

⊤
i )−1

∥∥∥
2
∥E(Kh(Xi)ZiYi)∥2 .

The first factor is O(1) by assumption. We can find an upper bound for the second factor

by Taylor expansion:

E(Kh(Xi)ZiYi) = E(Kh(Xi)E(ZiYi | Xi)) =
1

2
fX(0)µZY− +

1

2
fX(0)µZY+ + o(1) = O(1).

Note that µZY− and µZY+ exist by assumption. This shows the assertion of the lemma.

Lemma 5.6. Let K be a kernel with K(4) < ∞, fX be three times continuously dif-

ferentiable in a neighborhood around zero with fX(0) > 0 and nh → ∞, h → 0 as

n → ∞. Furthermore, suppose that µZ is continuous and one-sided differentiable at zero

up to order three whereby the derivatives extend continuously to zero with limx↗0 µ
′
Z(x) =

limx↘0 µ
′
Z(x) = 0 and µZ(0) = 0. Also, let∥∥∥E(Kh(Xi)ZiZ

⊤
i )−1

∥∥∥
2
= O(1). (5.6)

Then,[(
I − E(Kh(Xi)ViV

⊤
i )−1E(Kh(Xi)ViZ

⊤
i )E(Kh(Xi)ZiZ

⊤
i )−1E(Kh(Xi)ZiV

⊤
i )
)−1

]
2

=
(
0 1 0 0

)
+O(h4)
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5 COMPUTING THE BIAS

Proof. Let k ∈ {1, ..., p} and define the matrix γn ∈ Rp×4 by its rows via

[γn]k,· := E
(
Kh(Xi)ViZ

(k)
i

)⊤
= E

(
Kh(Xi)ViE

(
Z

(k)
i | Xi

))⊤

=


E
(
Kh(Xi)E

(
Z

(k)
i | Xi

))
E
(
Kh(Xi)TiE

(
Z

(k)
i | Xi

))
E
(
Kh(Xi)

Xi
h E

(
Z

(k)
i | Xi

))
E
(
Kh(Xi)

TiXi
h E

(
Z

(k)
i | Xi

))



⊤

We can examine each component by conducting a Taylor expansion as in (5.3) by setting

• f(x) = µZ(k)(x), L(u) = K(u) for the first component,

• f(x) = µZ(k)(x), L(u) = K(u)1(u ≥ 0) for the second component,

• f(x) = µZ(k)(x), L(u) = K(u)u for the third component and

• f(x) = µZ(k)(x), L(u) = K(u)u1(u ≥ 0) for the fourth component.

In addition, we also use the properties in (5.1) as well as the assumption that µZ(0) = 0

and µ′
Z+ = µ′

Z− = 0. Then, this results in

[γn]
⊤
k,· =


K

(0)
+

K
(0)
+

K
(1)
+

K
(1)
+

µZ(k)+fX(0) +


K

(0)
−

0

K
(1)
−

0

µZ(k)−fX(0)

+ h



K

(1)
+

K
(1)
+

K
(2)
+

K
(2)
+

 [µZ(k)fX ]′+ +


K

(1)
−

0

K
(2)
−

0

 [µZ(k)fX ]′−



+
h2

2



K

(2)
+

K
(2)
+

K
(3)
+

K
(3)
+

 [µZ(k)fX ]′′+ +


K

(2)
−

0

K
(3)
−

0

 [µZ(k)fX ]′′−

+O(h3)

=
h2

2



K

(2)
+

K
(2)
+

K
(3)
+

K
(3)
+

 [µZ(k)fX ]′′+ +


K

(2)
−

0

K
(3)
−

0

 [µZ(k)fX ]′′−

+O(h3)

=
h2

2


[µZ(k)fX ]′′+K

(2)
+ + [µZ(k)fX ]′′−K

(2)
−

[µZ(k)fX ]′′+K
(2)
+

[µZ(k)fX ]′′+K
(3)
+ + [µZ(k)fX ]′′−K

(3)
−

[µZ(k)fX ]′′+K
(3)
+

+O(h3)
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=
h2

2

((
[µZ(k)fX ]′′− [µZ(k)fX ]′′+ − [µZ(k)fX ]′′−

)(K(2) K
(2)
+ 0 K

(3)
+

K
(2)
+ K

(2)
+ K

(3)
+ K

(3)
+

))⊤

+O(h3).

Thus, we know that

∥γn∥2 = O(h2) +O(h3) = O(h2).

This in turn gives us∥∥∥E(Kh(Xi)ViZ
⊤
i )E(Kh(Xi)ZiZ

⊤
i )−1E(Kh(Xi)ZiV

⊤
i )
∥∥∥
2

=
∥∥∥γ⊤n E(Kh(Xi)ZiZ

⊤
i )−1γn

∥∥∥
2
≤
∥∥∥γ⊤n ∥∥∥

2︸ ︷︷ ︸
=O(h2)

∥∥∥E(Kh(Xi)ZiZ
⊤
i )−1

∥∥∥
2︸ ︷︷ ︸

=O(1)

∥γn∥2︸ ︷︷ ︸
=O(h2)

= O(h4) (5.7)

whereby we used the submultiplicativity of the spectral norm. Also, we know by Lemma

5.4 that

E(Kh(Xi)ViV
⊤
i )−1 = [fX(0)κ(K) +O(h)]−1 =

1

fX(0)
κ(K)−1 +O(h) = O(1). (5.8)

Here we used that for ϵh = O(h) and A invertible and independent of h,

A−1 − (A+ ϵh)
−1 = A−1(I −A(A+ ϵh)

−1)

= A−1(A+ ϵh −A)(A+ ϵh)
−1

= A−1 ϵh︸︷︷︸
=O(h)

(A+ ϵh)
−1︸ ︷︷ ︸

=O(1)

= O(h)

(5.9)

whereby |ϵh| ≤ Ch
n→∞−−−→ 0 and the continuity of the inverse implies (A+ ϵh)

−1 = O(1).

Taking the approximations (5.7) and (5.8) together, we obtain

I − E(Kh(Xi)ViV
⊤
i )−1︸ ︷︷ ︸

=O(1)

γ⊤n E(Kh(Xi)ZiZ
⊤
i )−1γn︸ ︷︷ ︸

=O(h4)

= I +O(h4)

By using the same argument as in (5.9), we finally obtain the assertion of the lemma, i.e.[(
I − E(Kh(Xi)ViV

⊤
i )−1γ⊤n E(Kh(Xi)ZiZ

⊤
i )−1γn

)−1
]
2

=
(
0 1 0 0

)
+O(h4).

Now, we have laid the foundation for being able to prove the final lemma of this section,

which provides us with a representation of the bias.

Lemma 5.7. Let all assumptions of Lemma 5.5 and Lemma 5.6 hold. Furthermore,

suppose that µY is three times one-sided differentiable in zero, i.e. all the derivatives
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5 COMPUTING THE BIAS

up to order three exist on (−∞, 0) and (0,∞), and µY as well as the derivatives extend

continuously to zero from the left and the right side. Furthermore, define

Bn :=
1

2

2(K
(2)
+ )2 − 2K

(1)
+ K

(3)
+

K
(2)
+ − 2(K

(1)
+ )2

(
µ′′
Y + − µ′′

Y −

−
p∑

k=1

(
µ′′
Z(k)+

− µ′′
Z(k)−

)
[E(Kh(Xi)ZiZ

⊤
i )−1E(Kh(Xi)ZiYi)]k

)
+ o(1).

Then,

θ
(2)
0 = τY + h2Bn.

Proof. Choose a1, a2, b1, b2 like in Lemma 5.3 and set

κh,b(K) =


I + h

f ′
X(0)

fX(0)


0 0 a1 0

0 0 0 a1

1 0 −a2 0

0 1 2a2 a2

+ h2
f ′′
X(0)

2fX(0)


a1 0 −b1 0

0 a1 2b1 b1

−a2 0 b2 0

2a2 a2 0 b2




−1
2

−
(
0 1 0 0

)
.

We know by definition that

(θ0(h), γ0(h)) = argmin
(θ,γ)∈Rp+4

E
(
Kh(Xi)(Yi − θ⊤Vi − γ⊤Zi)

2
)
.

By using the least squares algebra, we obtain

(
θ0(h)

γ0(h)

)
= E

Kh(Xi)

(
Vi

Zi

)(
Vi

Zi

)⊤
−1

E

(
Kh(Xi)

(
Vi

Zi

)
Yi

)

= E

(
Kh(Xi)

(
ViV

⊤
i ViZ

⊤
i

ZiV
⊤
i ZiZ

⊤
i

))−1

E

(
Kh(Xi)

(
Vi

Zi

)
Yi

)

=

(
E(Kh(Xi)ViV

⊤
i ) E(Kh(Xi)ViZ

⊤
i )

E(Kh(Xi)ZiV
⊤
i ) E(Kh(Xi)ZiZ

⊤
i )

)−1(
E(Kh(Xi)ViYi)

E(Kh(Xi)ZiYi)

)

We calculate the inverse of the matrix by using the well-known formula for inverses of

block matrices. Since our goal is to find a formula for θ
(2)
0 , we only need to calculate the

upper blocks of the inverse.(
E(Kh(Xi)ViV

⊤
i ) E(Kh(Xi)ViZ

⊤
i )

E(Kh(Xi)ZiV
⊤
i ) E(Kh(Xi)ZiZ

⊤
i )

)−1

=

(
R −RE(Kh(Xi)ViZ

⊤
i )E(Kh(Xi)ZiZ

⊤
i )−1

∗ ∗

)

whereby R := (E(Kh(Xi)ViV
⊤
i )− E(Kh(Xi)ViZ

⊤
i )E(Kh(Xi)ZiZ

⊤
i )−1E(Kh(Xi)ZiV

⊤
i ))−1.

40



5 COMPUTING THE BIAS

Denote the second row of R by R2. Now, the second entry of θ0 can be represented as

following:

θ
(2)
0

= R2

(
E(Kh(Xi)ViYi)− E

(
Kh(Xi)ViZ

⊤
i

)
E
(
Kh(Xi)ZiZ

⊤
i

)−1
E(Kh(Xi)ZiYi)

)
=

[(
E
(
Kh(Xi)ViV

⊤
i

)
− E

(
Kh(Xi)ViZ

⊤
i

)
E
(
Kh(Xi)ZiZ

⊤
i

)−1
E
(
Kh(Xi)ZiV

⊤
i

))−1 ]
2(

E(Kh(Xi)ViYi)− E
(
Kh(Xi)ViZ

⊤
i

)
E
(
Kh(Xi)ZiZ

⊤
i

)−1
E(Kh(Xi)ZiYi)

)
=

[(
E
(
Kh(Xi)ViV

⊤
i

)(
I − E

(
Kh(Xi)ViV

⊤
i

)−1
E
(
Kh(Xi)ViZ

⊤
i

)
E
(
Kh(Xi)ZiZ

⊤
i

)−1

E
(
Kh(Xi)ZiV

⊤
i

)))−1]
2

(5.10)(
E(Kh(Xi)ViYi)− E

(
Kh(Xi)ViZ

⊤
i

)
E
(
Kh(Xi)ZiZ

⊤
i

)−1
E(Kh(Xi)ZiYi)

)
=

[(
I − E

(
Kh(Xi)ViV

⊤
i

)−1
E
(
Kh(Xi)ViZ

⊤
i

)
E
(
Kh(Xi)ZiZ

⊤
i

)−1

E
(
Kh(Xi)ZiV

⊤
i

))−1
]
2

(
κ(K)−1E

(
Kh(Xi)ViV

⊤
i

))−1

κ(K)−1

(
E(Kh(Xi)ViYi)− E

(
Kh(Xi)ViZ

⊤
i

)
E
(
Kh(Xi)ZiZ

⊤
i

)−1
E(Kh(Xi)ZiYi)

)
.

By applying Lemma 5.6 and Lemma 5.4 we obtain that[(
I − E

(
Kh(Xi)ViV

⊤
i

)−1
E
(
Kh(Xi)ViZ

⊤
i

)
E
(
Kh(Xi)ZiZ

⊤
i

)−1

E
(
Kh(Xi)ZiV

⊤
i

))−1
]
2

(
κ(K)−1E

(
Kh(Xi)ViV

⊤
i

))−1

=
((

0 1 0 0
)
+O(h4)

)

·

fX(0)I + hf ′
X(0)


0 0 a1 0

0 0 0 a1

1 0 −a2 0

0 1 2a2 a2

+ h2
f ′′
X(0)

2


a1 0 −b1 0

0 a1 2b1 b1

−a2 0 b2 0

2a2 a2 0 b2

+ o(h2)


−1

(∗)
=

1

fX(0)


I + h

f ′
X(0)

fX(0)


0 0 a1 0

0 0 0 a1

1 0 −a2 0

0 1 2a2 a2

+ h2
f ′′
X(0)

2fX(0)


a1 0 −b1 0

0 a1 2b1 b1

−a2 0 b2 0

2a2 a2 0 b2




−1
2

+ o(h2)

=
1

fX(0)

((
0 1 0 0

)
+ κh,b(K)

)
+ o(h2).
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Note that the equality (∗) uses the fact that (Ah+ ϵh)
−1 = A−1

h + o(h2) if Ah is invertible,

Ah → A for an invertible A, and ϵh = o(h2) for h → 0. This is due to

A−1
h − (Ah + ϵh)

−1 = A−1
h (I −Ah(Ah + ϵh)

−1)

= A−1
h (Ah + ϵh −Ah)(Ah + ϵh)

−1

= A−1
h︸︷︷︸

=O(1)

ϵh︸︷︷︸
=o(h2)

(Ah + ϵh)
−1︸ ︷︷ ︸

=O(1)

= o(h2)

whereby (Ah + ϵh)
−1 = O(1) follows from the fact that in particular ϵh → 0, Ah → A

for h → 0 and that the inverse function is continuous. Also note that the invertibility of

Ah + ϵh is implied by the openness of the set of invertible matrices.

We set A = Yi in Lemma 5.2 and obtain

κ(K)−1E(Kh(Xi)ViYi) =


fX(0)µY−

fX(0)τY

h(µY fX)′−

h((µY fX)′+ − (µY fX)′−)

+ h2B(K,Y ) +O(h3).

Also, we can apply this lemma with A = Z
(k)
i for 1 ≤ k ≤ p:

κ(K)−1E(Kh(Xi)ViZ
⊤
i )

= κ(K)−1E

(
Kh(Xi)Vi

(
p∑

k=1

Z
(k)
i e⊤k

))

=

p∑
k=1

κ(K)−1E
(
Kh(Xi)ViZ

(k)
i

)
e⊤k

=

p∑
k=1




fX(0)µZ(k)−
fX(0)τZ(k)

h(µZ(k)fX)′−

h((µZ(k)fX)′+ − (µZ(k)fX)′−)

+ h2B
(
K,Z

(k)
i

)
+O(h3)

 e⊤k

=

p∑
k=1

(
h2B

(
K,Z

(k)
i

)
+O(h3)

)
e⊤k

= h2B +O(h3)

(5.11)

whereby B is defined as the matrix which has B(K,Z
(k)
i ), k = 1, ..., p as columns. Note that

we used the assumptions µZ(k)(0) = 0 as well as limx↘0 µ
′
Z(k)(x) = limx↗0 µ

′
Z(k)(x) = 0,

which also implies τZ(k) = 0. Now, we can state that

κ(K)−1E(Kh(Xi)ViZ
⊤
i )E(Kh(Xi)ZiZ

⊤
i )−1E(Kh(Xi)ZiYi)

= h2BE(Kh(Xi)ZiZ
⊤
i )−1E(Kh(Xi)ZiYi) +O(h3)E(Kh(Xi)ZiZ

⊤
i )−1E(Kh(Xi)ZiYi).
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We want to find an upper bound for that. This can be done by noticing that∥∥∥E(Kh(Xi)ZiZ
⊤
i )−1E(Kh(Xi)ZiYi)

∥∥∥
2
= O(1)

by Lemma 5.5. This leads to[
κ(K)−1E(Kh(Xi)ViZ

⊤
i )E(Kh(Xi)ZiZ

⊤
i )−1E(Kh(Xi)ZiYi)

]
l

≤ h2 ∥Bl·∥2O(1) +
∥∥(O(h3))l·

∥∥
2
O(1) = O(h2) +O(h3) = O(h2)

for l ∈ {1, ..., 4}. Now we merge all of the statements above to obtain

θ
(2)
0

=

[
1

fX(0)

((
0 1 0 0

)
+ κh,b(K)

)
+ o(h2)

]
· κ(K)−1

(
E(Kh(Xi)ViYi)− E(Kh(Xi)ViZ

⊤
i )E(Kh(Xi)ZiZ

⊤
i )−1E(Kh(Xi)ZiYi)

)
=

[
1

fX(0)

((
0 1 0 0

)
+ κh,b(K)

)
+ o(h2)

]

·




fX(0)µY−

fX(0)τY

h(µY fX)′−

h((µY fX)′+ − (µY fX)′−)

+ h2B(K,Y ) +O(h3)

− h2BE(Kh(Xi)ZiZ
⊤
i )−1E(Kh(Xi)ZiYi)−O(h3)E(Kh(Xi)ZiZ

⊤
i )−1E(Kh(Xi)ZiYi)︸ ︷︷ ︸

=O(h3)


= τY +

h2

fX(0)
[B(K,Y )]2 −

h2

fX(0)
B2·E(Kh(Xi)ZiZ

⊤
i )−1E(Kh(Xi)ZiYi)

+ [O(h3)]2︸ ︷︷ ︸
=O(h3)

− 1

fX(0)
κh,b(K)︸ ︷︷ ︸
=o(1)

(h2BE(Kh(Xi)ZiZ
⊤
i )−1E(Kh(Xi)ZiYi) +O(h3)︸ ︷︷ ︸

=O(h2)

)

+ κh,b(K)


µY−

τY
h

fX(0)(µY fX)′−
h

fX(0)((µY fX)′+ − (µY fX)′−)

+
κh,b(K)

fX(0)
h2B(K,Y )︸ ︷︷ ︸

=o(h2)

+
κh,b(K)

fX(0)
O(h3)︸ ︷︷ ︸

=o(h2)

+ o(h2)


fX(0)µY−

fX(0)τY

h(µY fX)′−

h((µY fX)′+ − (µY fX)′−)


︸ ︷︷ ︸

=o(h2)

+ o(h2)h2B(K,Y )︸ ︷︷ ︸
=o(h2)

+ o(h2)O(h2)︸ ︷︷ ︸
=o(h2)
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= τY +
h2

fX(0)
[B(K,Y )]2 −

h2

fX(0)
B2·E(Kh(Xi)ZiZ

⊤
i )−1E(Kh(Xi)ZiYi)

+ κh,b(K)


µY−

τY
h

fX(0)(µY fX)′−
h

fX(0)((µY fX)′+ − (µY fX)′−)

+ o(h2),

whereby we used that κh,b(K) = o(1) which is shown by taking the definition and letting

h −→ 0. The main part of the proof is done. The rest is conducted by just following some

straightforward computations. As the next calculation is rather long and technical, we

want to refer to using a CAS in order to obtain

κh,b(K) =
(
o(h2) h2a1

(
f ′
X(0)2

fX(0)2
− f ′′

X(0)

2fX(0)

)
+ o(h2) O(h2) −ha1

f ′
X(0)

fX(0) +O(h2)
)
.

We now consider the result of Lemma 5.3 by examining the matrix multiplication column-

wise, which gives us that

κ(K)−1


K

(2)
+

K
(2)
+

K
(3)
+

K
(3)
+

 =


0

a1

0

a2


and

κ(K)−1


K

(2)
−

0

K
(3)
−

0

 = κ(K)−1


K

(2)
+

0

−K
(3)
+

0

 = κ(K)−1



2K

(2)
+

K
(2)
+

0

K
(3)
+

−


K

(2)
+

K
(2)
+

K
(3)
+

K
(3)
+




=


a1

0

−a2

2a2

−


0

a1

0

a2

 =


a1

−a1

−a2

a2


whereby we used that K

(2)
− = K

(2)
+ and K

(3)
− = −K

(3)
+ since the kernel is symmetric.

Replacing the above identities in the definition of B(K,Y ) delivers

[B(K,Y )]2

=
a1
2

(
µ′′
Y+fX(0) + 2µ′

Y+f
′
X(0) + µY+f

′′
X(0)− µ′′

Y−fX(0)− 2µ′
Y−f

′
X(0)− µY−f

′′
X(0)

)
.
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Therefore

h2

fX(0)
[B(K,Y )]2 + κh,b(K)


µY−

τY
h

fX(0)(µY fX)′−
h

fX(0)((µY fX)′+ − (µY fX)′−)


=

h2

fX(0)

a1
2

(
fX(0)

(
µ′′
Y+ − µ′′

Y−
)
+ 2f ′

X(0)
(
µ′
Y+ − µ′

Y−
)
+ f ′′

X(0) (µY+ − µY−)
)

+ o(h2)µY−︸ ︷︷ ︸
=o(h2)

+h2a1

(
f ′
X(0)2

fX(0)2
−

f ′′
X(0)

2fX(0)

)
(µY+ − µY−) + o(h2)τY︸ ︷︷ ︸

=o(h2)

+O(h2)
h

fX(0)
(µY fX)′−︸ ︷︷ ︸

=o(h2)

−ha1
f ′
X(0)

fX(0)

h

fX(0)

(
(µY fX)′+ − (µY fX)′−

)

+O(h2)
h

fX(0)
((µY fX)′+ − (µY fX)′−)︸ ︷︷ ︸

=o(h2)

= h2a1

(
1

2

(
µ′′
Y+ − µ′′

Y−
)
+

f ′
X(0)

fX(0)

(
µ′
Y+ − µ′

Y−
)
+

1

2

f ′′
X(0)

fX(0)
(µY+ − µY−)

+
f ′
X(0)2

fX(0)2
(µY+ − µY−)−

1

2

f ′′
X(0)

fX(0)
(µY+ − µY−)

−
f ′
X(0)

fX(0)2
(
µ′
Y+fX(0) + µY+f

′
X(0)− µ′

Y−fX(0)− µY−f
′
X(0)

))
+ o(h2)

= h2
a1
2

(
µ′′
Y+ − µ′′

Y−
)
+ o(h2).

Using a representation of B(K,Z
(k)
i ) in the above manner again, gives that

h2

fX(0)
B2·E

(
Kh(Xi)ZiZ

⊤
i

)−1
E(KhZiYi)

= h2
a1
2

p∑
k=1

(
µ′′
Z(k)+

− µ′′
Z(k)−

)[
E
(
Kh(Xi)ZiZ

⊤
i

)−1
E(KhZiYi)

](k)
since µZ+ = µZ− and µ′

Z+ = µ′
Z−. Combining the above two statements provides

θ
(2)
0 = τY + h2

a1
2

((
µ′′
Y+ − µ′′

Y−
)

+

p∑
k=1

(
µ′′
Z(k)+

− µ′′
Z(k)−

)[
E
(
Kh(Xi)ZiZ

⊤
i

)−1
E(KhZiYi)

](k))
+ o(h2)

= τY + h2Bn,

which proves the Lemma.
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6 Asymptotic Behavior

This chapter lays the foundation for the second main step of proving asymptotic normality

of the covariate-adjusted average treatment effect estimator. In that step, this chapter will

be used by applying it on an adjusted version of the covariates, namely Z̃i = Zi −M⊤
n Vi

for some Mn that will be defined later on. By doing that, some additional properties

concerning the value of µZ̃ and of the one-sided limits of µ′
Z̃

in zero emerge, which are

necessary to fulfill the assumptions of the assertions contained in this chapter. Again,

some of the results are based on adjustments of ideas from [KR21] to the case of a fixed

number of covariates.

Before we start with a straightforward statement on the convergence of the sample

mean, please recall Definition 4.1 which defines a kernel to be non-negative, integrable,

integrating to one and symmetric.

Lemma 6.1. Let K be a kernel which is compactly supported on [−1, 1] and satisfies

(K2)(0) < ∞. Let fX be continuous in a neighborhood around zero and h → 0, nh → ∞
as n → ∞. Moreover, let Ai ∈ R, i = 1, ..., n be random variables, which can also depend

on n and h, such that ((Xi, Ai))i=1,...,n is a family of n independent random variables and

sup
n∈N

sup
x∈[−h,h]

E(A2
i | Xi = x) < ∞. (6.1)

Then,

1

n

n∑
i=1

Kh(Xi)Ai = E(Kh(Xi)Ai) +OP

(
1√
nh

)
.

Proof. We set

Sn =
1

n

n∑
i=1

Kh(Xi)Ai.

By the imposed assumptions, we know that the mean and variance of Sn are finite. There-

fore, we can use Chebyshev’s inequality in order to obtain

P (|Sn − E(Sn)| > M)

≤ 1

M2
E
(
(Sn − E(Sn))

2
)

=
1

M2
E

( 1

n

n∑
i=1

Kh(Xi)Ai − E

(
1

n

n∑
i=1

Kh(Xi)Ai

))2


=
1

M2

1

n2
E

( n∑
i=1

(Kh(Xi)Ai − E(Kh(Xi)Ai))

)2


=
1

M2

1

n2
E

(
n∑

i=1

(Kh(Xi)Ai − E(Kh(Xi)Ai))
2

)
+
∑
i ̸=j

Cov(Kh(Xi)Ai,Kh(Xj)Aj)︸ ︷︷ ︸
=0
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=
1

M2

1

n2

n∑
i=1

E
(
(Kh(Xi)Ai − E(Kh(Xi)Ai))

2
)

=
1

M2

1

n
E
(
(Kh(Xi)Ai)

2 − 2Kh(Xi)AiE(Kh(Xi)Ai) + E(Kh(Xi)Ai)
2
)

=
1

M2

1

n
E
(
(Kh(Xi)Ai)

2 −Kh(Xi)AiE(Kh(Xi)Ai)
)

≤ 1

M2

1

n
E
(
(Kh(Xi)Ai)

2
)

=
1

M2

1

n
E
(
E
(
(Kh(Xi)Ai)

2 | Xi

))
=

1

M2

1

n
E
(
Kh(Xi)

2E
(
A2

i | Xi

))
≤ sup

n∈N
sup

x∈[−h,h]
E
(
A2

i | Xi = x
) 1

M2

1

n

1

h2

∫ h

−h
K
(x
h

)2
fX(x) dx

= sup
n∈N

sup
x∈[−h,h]

E
(
A2

i | Xi = x
) 1

M2

1

nh

∫ 1

−1
K (y)2 fX(yh) dy = O

(
1

nhM2

)
,

whereby
∫ 1
−1K (y)2 fX(yh) dy = O(1) due to (K2)(0) < ∞, h → 0 and the continuity of

fX in a neighborhood around zero. Overall, this leads to

P (|Sn − E(Sn)| > M) ≤ C

nhM2

for some C > 0. Given an arbitrary ϵ > 0, choose M large enough such that C
M2 < ϵ.

Then,

P (
√
nh|Sn − E(Sn)| > M) = P

(
|Sn − E(Sn)| >

M√
nh

)
≤ C

M2
< ϵ,

which means that Sn − E(Sn) = OP

(
1√
nh

)
.

As we need a matrix notation for our population data in order to write the statements

of the subsequent lemmas in a more compact and concise way, the following definition will

be highly beneficial.

Definition 6.1. Let K be a kernel function, then we set

Kh = diag

(
1

h
K

(
X1

h

)
, ...,

1

h
K

(
Xn

h

))
and

K
1
2
h = diag

(√
1

h
K

(
X1

h

)
, ...,

√
1

h
K

(
Xn

h

))
.

Furthermore, we define

Y =


Y1
...

Yn

 ∈ Rn, Z =


Z⊤
1
...

Z⊤
n

 ∈ Rn×p, r(h) =


r1(h)
...

rn(h)

 ∈ Rn
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and

V =


1 T1 X1/h T1X1/h
...

...
...

...

1 Tn Xn/h TnXn/h

 ∈ Rn×4.

This notation allows us to concisely make statements about the asymptotic behaviour

of our population data within the next two lemmas.

Lemma 6.2. Let K be a kernel which is compactly supported on [−1, 1] and satisfies

(K2)(0) < ∞. Let fX be continuous in a neighborhood around zero. Furthermore, let

h → 0, nh → ∞ as n → ∞ and

sup
n∈N

sup
x∈[−h,h]

E(ri(h)2 | Xi = x) < ∞. (6.2)

Then,
1

n
V⊤Khr(h) = OP

(
1√
nh

)
.

Proof. We want to prove this row-wise. Let a ∈ {1, ..., 4}, then

E

(
1

h
K

(
Xi

h

)2

V 2
i,ari(h)

2

)
= E

(
E

(
1

h
K

(
Xi

h

)2

V 2
i,ari(h)

2 Xi

))

= E

(
1

h
K

(
Xi

h

)2

V 2
i,aE(ri(h)2 | Xi)

)
= O(1)

due to assumption (6.2) and our assumptions imposed on fX and K. Using Markov’s

inequality, we obtain for every ϵ > 0 that

P

(∣∣∣∣ 1nV⊤
·aKhr(h)

∣∣∣∣ > M

)
≤ 1

M2
E

( 1

n

n∑
i=1

1

h
K

(
Xi

h

)
Vi,ari(h)

)2


=
1

nhM2
E

(
1

h
K

(
Xi

h

)2

V 2
i,ari(h)

2

)
= O

(
1

nhM2

)
leading to

P

(∣∣∣∣ 1nV⊤
·aKhr(h)

∣∣∣∣ > M

)
≤ C

nhM2

for some constant C > 0. Now we can conclude with the same argument as in the proof

of Lemma 6.1.

48



6 ASYMPTOTIC BEHAVIOR

Lemma 6.3. Let all assumptions of Lemma 5.6 hold. Also, let K be a kernel which is

compactly supported on [−1, 1] and satisfies K(4), (K2)(0) < ∞. Additionally, define

M := I −K
1
2
hZ(Z

⊤KhZ)
−1Z⊤K

1
2
h

and suppose that for all k, l ∈ {1, ..., p}

sup
n∈N

sup
x∈[−h,h]

E
((

Z
(k)
i ri(h)

)2
Xi = x

)
< ∞,

sup
n∈N

sup
x∈[−h,h]

E
((

Z
(k)
i Z

(l)
i

)2
Xi = x

)
< ∞.

(6.3)

Then
1

n
V⊤K

1
2
hMK

1
2
hV = fX(0)κ(K) + oP (1)

and
1

n
V⊤K

1
2
hMK

1
2
h r(h) =

1

n
V⊤Khr(h) + oP

(
1√
nh

)
.

Proof. The idea of the proof is to use Lemma 6.1 for multiple times. Indeed, we can do

this by calculating

1

n
V⊤K

1
2
hMK

1
2
hV =

1

n
V⊤K

1
2
h

(
I −K

1
2
hZ(Z

⊤KhZ)
−1Z⊤K

1
2
h

)
K

1
2
hV

=
1

n
V⊤KhV − 1

n
V⊤KhZ(Z

⊤KhZ)
−1Z⊤KhV

=
1

n
V⊤KhV︸ ︷︷ ︸

(1)

−
(
1

n
V⊤KhZ

)(
1

n
Z⊤KhZ

)−1( 1

n
Z⊤KhV

)
︸ ︷︷ ︸

(2)

.

Concerning term (2), we can now estimate each of the three factors individually. For the

first factor we obtain
1

n
V⊤KhZ =

1

n

n∑
i=1

Kh(Xi)ViZ
⊤
i

leading to the fact that we can consider that entry-wise and respectively set Ai of Lemma

6.1 to every entry of ViZ
⊤
i . The necessary assumption (6.1) for that is implied by (6.3)

as we have for m ∈ {1, ..., 4}, k ∈ {1, ..., p} and u(x) := (1,1(x ≥ 0), x/h, x1(x ≥ 0)/h)⊤

that

sup
n∈N

sup
x∈[−h,h]

E
((

V
(m)
i Z

(k)
i

)2
Xi = x

)
= sup

n∈N
sup

x∈[−h,h]
um(x)2E

((
Z

(k)
i

)2
Xi = x

)
≤ sup

n∈N
sup

x∈[−h,h]
E
((

Z
(k)
i

)2
Xi = x

)
< ∞.
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As result, we obtain

1

n
V⊤KhZ = E(Kh(Xi)ViZ

⊤
i ) +OP

(
1√
nh

)
. (6.4)

In an analogous way, the third factor results in

1

n
Z⊤KhV = E(Kh(Xi)ZiV

⊤
i ) +OP

(
1√
nh

)
. (6.5)

The second factor needs some additional work due to having the convergence inside the

inverse. First, we start analogously as for the other two factors and state that(
1

n
Z⊤KhZ

)−1

=

(
E(Kh(Xi)ZiZ

⊤
i ) +OP

(
1√
nh

))−1

.

As we need the asymptotics outside of the inverse, we need to show in addition that(
E(Kh(Xi)ZiZ

⊤
i ) +OP

(
1√
nh

))−1

= E(Kh(Xi)ZiZ
⊤
i )−1 +OP

(
1√
nh

)
.

This can indeed be done by using Lemma 2.1 (g). The assumptions hold since

E(Kh(Xi)ZiZ
⊤
i )−1 = O(1)

by assumption (5.6), 1√
nh

converges to zero and

(
1

n
Z⊤KhZ

)−1

= OP (1). (6.6)

(6.6) is not obvious and, therefore, we want to verify it: By the definition of O(1), there

exist N1 ∈ N and M > 0 such that∥∥∥E(Kh(Xi)ZiZ
⊤
i )−1

∥∥∥
2
≤ M

2

for all n ≥ N1. Also, we have

1

n
Z⊤KhZ

P−→ E(Kh(Xi)ZiZ
⊤
i )

leading to (
1

n
Z⊤KhZ

)−1
P−→ E(Kh(Xi)ZiZ

⊤
i )−1

because the inverse is continuous. Let ϵ > 0. By the definition of convergence in proba-

bility, there exists N2 ∈ N such that for all n ≥ N2

P

(∥∥∥∥∥
(
1

n
Z⊤KhZ

)−1

− E(Kh(Xi)ZiZ
⊤
i )−1

∥∥∥∥∥
2

>
M

2

)
< ϵ.
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Taking that together, we obtain for all n ≥ max(N1, N2) that

P

(∥∥∥∥∥
(
1

n
Z⊤KhZ

)−1
∥∥∥∥∥
2

> M

)

= P

(∥∥∥∥∥
(
1

n
Z⊤KhZ

)−1

− E(Kh(Xi)ZiZ
⊤
i )−1 + E(Kh(Xi)ZiZ

⊤
i )−1

∥∥∥∥∥
2

> M

)

≤ P

(∥∥∥∥∥
(
1

n
Z⊤KhZ

)−1

− E(Kh(Xi)ZiZ
⊤
i )−1

∥∥∥∥∥
2

+
∥∥∥E(Kh(Xi)ZiZ

⊤
i )−1

∥∥∥
2
> M

)

= P

(∥∥∥∥∥
(
1

n
Z⊤KhZ

)−1

− E(Kh(Xi)ZiZ
⊤
i )−1

∥∥∥∥∥
2

> M −
∥∥∥E(Kh(Xi)ZiZ

⊤
i )−1

∥∥∥
2

)

≤ P

(∥∥∥∥∥
(
1

n
Z⊤KhZ

)−1

− E(Kh(Xi)ZiZ
⊤
i )−1

∥∥∥∥∥
2

>
M

2

)
< ϵ.

Hence, (6.6) is verified which leads to(
1

n
Z⊤KhZ

)−1

= E(Kh(Xi)ZiZ
⊤
i )−1 +OP

(
1√
nh

)
. (6.7)

Overall, taking the equations (6.4), (6.5) and (6.7) together, (2) evaluates as following:(
1

n
V⊤KhZ

)(
1

n
Z⊤KhZ

)−1( 1

n
Z⊤KhV

)
= E(Kh(Xi)ViZ

⊤
i )E(Kh(Xi)ZiZ

⊤
i )−1E(Kh(Xi)ZiV

⊤
i )︸ ︷︷ ︸

(△)

+oP (1).

Note that we used property (a), (d) and (f) of Lemma 2.1 here together with the fact

that all the means are of order O(1) because E(Kh(Xi)ZiZ
⊤
i )−1 = O(1) by assumption

and E(Kh(Xi)ZiV
⊤
i )⊤ = E(Kh(Xi)ViZ

⊤
i ) = O(1) by applying Lemma 5.2 as in (5.11). As

we now use equation (5.7) taken from Lemma 5.6, which states that expression (△) is of

order O(h4), we obtain(
1

n
V⊤KhZ

)(
1

n
Z⊤KhZ

)−1( 1

n
Z⊤KhV

)
= O(h4) + oP (1) = oP (1)

by applying Lemma 2.1 (a), (c) and (f). Now we work on term (1). Also here, we apply

Lemma 6.1 component-wise. It is clear that the necessary assumption (6.1) is satisfied.

Afterwards, we apply Lemma 5.4, and at last we use the properties (c) and (f) of Lemma
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2.1. This leads to

1

n
V⊤KhV = E(Kh(Xi)ViV

⊤
i ) +OP

(
1√
nh

)
= fX(0)κ(K) + oP (1) +OP

(
1√
nh

)
= fX(0)κ(K) + oP (1).

Overall, the calculations for term (1) and (2) result in

1

n
V⊤K

1
2
hMK

1
2
hV = fX(0)κ(K) + oP (1).

Now we have to show the second assertion of the lemma. We start in the same way by

splitting up the expression:

1

n
V⊤K

1
2
hMK

1
2
h r(h) =

1

n
V⊤K

1
2
h

(
I −K

1
2
hZ(Z

⊤KhZ)
−1Z⊤K

1
2
h

)
K

1
2
h r(h)

=
1

n
V⊤Khr(h)−

1

n
V⊤KhZ(Z

⊤KhZ)
−1Z⊤Khr(h)

=
1

n
V⊤Khr(h)︸ ︷︷ ︸

(1)

−
(
1

n
V⊤KhZ

)(
1

n
Z⊤KhZ

)−1( 1

n
Z⊤Khr(h)

)
︸ ︷︷ ︸

(2)

.

We do not have to examine expression (1) since it appears in the expression of the assertion.

We just have to show that term (2) is of order oP

(
1√
nh

)
. We know that:

• 1
nV

⊤KhZ = E(Kh(Xi)ViZ
⊤
i )+OP

(
1√
nh

)
= o(1)+OP

(
1√
nh

)
= oP (1) whereby the

first equation follows from Lemma 6.1 and the second by E(Kh(Xi)ViZ
⊤
i ) = o(1)

which for example can be seen in the calculation of (5.11) or by applying Lemma

5.2. The third equation again follows from properties of Lemma 2.1.

•
(
1
nZ

⊤KhZ
)−1

= E(Kh(Xi)ZiZ
⊤
i )−1 + OP

(
1√
nh

)
= OP (1) whereby we used (6.7),

assumption (5.6) and again Lemma 2.1.

• 1
nZ

⊤Khr(h) = E(Kh(Xi)Ziri(h))+OP

(
1√
nh

)
= OP

(
1√
nh

)
by applying Lemma 6.1

with Ai set respectively to the components of Ziri(h) and the fact that

E(Kh(Xi)Ziri(h)) = 0

due to the definition of the residual with θ0(h) and γ0(h) being defined as minimizing

arguments.

Since property (e) of Lemma 2.1 implies

oP (1)OP (1)OP

(
1√
nh

)
= oP

(
1√
nh

)
,
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we showed that (2) is of order oP

(
1√
nh

)
, leading to the second assertion of the lemma

being proved.

As a result, we can prove the asymptotic normality of the covariate-adjusted estimator

now. This is done by the following final lemma of the chapter.

Lemma 6.4. Let the assumptions in (6.3) of Lemma 6.3 hold. Further, let K be a ker-

nel which is compactly supported on [−1, 1] with K(4), (K2)(0) < ∞ and suppose that

E(Kh(Xi)ZiZ
⊤
i ) is invertible with

∥∥E(Kh(Xi)ZiZ
⊤
i )−1

∥∥
2
= O(1). Also, let fX be three

times continuously differentiable in a neighborhood around zero with fX(0) > 0. More-

over, assume that µZ is continuous and three times one-sided differentiable at zero, whereby

µZ(0) = 0 and limx↘0 µ
′
Z(x) = limx↗0 µ

′
Z(x) = 0. Also, suppose that there is δ > 0 such

that

sup
n∈N

sup
x∈[−h,h]

E
(
|ri(h)|2+δ | Xi = x

)
< ∞

as well as the existence of finite numbers σl, σr > 0 such that

lim
n→∞

sup
λ∈[0,1]

|E
(
ri(h)

2 | Xi = λh
)
− σ2

r | = 0,

lim
n→∞

sup
λ∈[0,1]

|E
(
ri(h)

2 | Xi = −λh
)
− σ2

l | = 0.
(6.8)

Set w =
([
(fX(0)κ(K))−1

]
2·
)⊤

and define

S2
n =

1

h
E

(
K

(
Xi

h

)2

(w⊤Vi)
2ri(h)

2

)
.

Then, √
nh

S2
n

(
τ̂h − θ

(2)
0

)
d−→ N (0, 1).

Proof. Denote by

M = I −K
1
2
hZ(Z

⊤KhZ)
−1Z⊤K

1
2
h

the projection matrix. First note that

MK
1
2
hZ = 0 (6.9)

by using the definition of M . Now, define X̄ := K
1
2
h

(
V Z

)
and Ȳ := K

1
2
hY. The linear

least squares problem

(θ̂n, γ̂n) = argmin
(θ,γ)∈Rp+4

n∑
i=1

Kh(Xi)
(
Yi − V ⊤

i θ − Z⊤
i γ
)2

can be written as

β̂ = argmin
β∈Rp+4

∥∥Ȳ − X̄β
∥∥2
2
,
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which has the solution

β̂ = (θ̂n, γ̂n) = (X̄⊤X̄)−1X̄⊤Ȳ .

We calculate this expression for β̂. In fact, as we have

X̄⊤X̄ =

(
V⊤KhV V⊤KhZ

Z⊤KhV Z⊤KhZ

)
,

we obtain by applying the well-known formula for the inverse of block matrices that

(X̄⊤X̄)−1 =

(
R−1 −R−1V⊤KhZ(Z

⊤KhZ)
−1

∗ ∗

)
(6.10)

whereby

R := V⊤KhV −V⊤KhZ(Z
⊤KhZ)

−1Z⊤KhV

= V⊤K
1
2
h (I −K

1
2
hZ(Z

⊤KhZ)
−1Z⊤K

1
2
h )K

1
2
hV

= V⊤K
1
2
hMK

1
2
hV.

Furthermore,

X̄⊤Ȳ =

(
V⊤KhY

Z⊤KhY

)
. (6.11)

Taking (6.10) and (6.11) together delivers

θ̂n = (V⊤K
1
2
hMK

1
2
hV)−1(V⊤KhY −V⊤KhZ(Z

⊤KhZ)
−1Z⊤KhY)

= (V⊤K
1
2
hMK

1
2
hV)−1(V⊤K

1
2
h (I −K

1
2
hZ(Z

⊤KhZ)
−1Z⊤K

1
2
h )K

1
2
hY)

= (V⊤K
1
2
hMK

1
2
hV)−1V⊤K

1
2
hMK

1
2
hY.

Considering that

Y = r(h) +Vθ0(h) + Zγ0(h)

finally delivers the representation

θ̂n = (V⊤K
1
2
hMK

1
2
hV)−1V⊤K

1
2
hMK

1
2
h (r(h) +Vθ0(h) + Zγ0(h))

= (V⊤K
1
2
hMK

1
2
hV)−1V⊤K

1
2
hMK

1
2
h (Zγ0(h) + r(h))

+ (V⊤K
1
2
hMK

1
2
hV)−1V⊤K

1
2
hMK

1
2
hV︸ ︷︷ ︸

=I

θ0(h)

= θ0(h) + (V⊤K
1
2
hMK

1
2
hV)−1V⊤K

1
2
hMK

1
2
h (Zγ0(h) + r(h))

(6.9)
= θ0(h) + (V⊤K

1
2
hMK

1
2
hV)−1V⊤K

1
2
hMK

1
2
h r(h).

(6.12)
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By applying Lemma 6.3, we obtain

V⊤K
1
2
hMK

1
2
h r(h) =

1

n
V⊤Khr(h) + oP

(
1√
nh

)
(6.13)

and

(V⊤K
1
2
hMK

1
2
hV)−1 = (fX(0)κ(K) + oP (1))

−1 (∗)
= (fX(0)κ(K))−1 + oP (1). (6.14)

Note that (∗) follows from Lemma 2.1 (h) since all the necessary assumptions are true:

fX(0)κ(K) is invertible, (fX(0)κ(K))−1 = O(1) and

(fX(0)κ(K) + oP (1))
−1 = OP (1), (6.15)

whereby (6.15) follows from (fX(0)κ(K) + oP (1))
−1 P−→ (fX(0)κ(K))−1 = O(1) which

allows us to conclude with the same reasoning used to show (6.6). Hence, inserting (6.13)

and (6.14) into (6.12), gives

θ̂n = θ0 + ((fX(0)κ(K))−1 + oP (1))

(
1

n
V⊤Khr(h) + oP

(
1√
nh

))
. (6.16)

We know by Lemma 6.2, whose assumption (6.2) is satisfied by (6.8), together with Lemma

2.1 (e), that

oP (1)
1

n
V⊤Khr(h) = oP (1)OP

(
1√
nh

)
= oP

(
1√
nh

)
.

Therefore, by also using Lemma 2.1 (d), (6.16) expands to

θ̂n = θ0 + (fX(0)κ(K))−1 1

n
V⊤Khr(h) + (fX(0)κ(K))−1oP

(
1√
nh

)
+ oP

(
1√
nh

)
,

which, overall, leads to

√
nh
(
θ̂n − θ0

)
= (fX(0)κ(K))−1

√
nh

1

n
V⊤Khr(h) + oP (1). (6.17)

Since we are interested in the estimator of the average treatment effect, we need to study

the second row of that expression. Please recall the definition of w given in the assertion

of the lemma. Then, the second row of (6.17) can be written as

√
nh
(
τ̂h − θ

(2)
0

)
=

√
nh

1

n
w⊤V⊤Khr(h) + oP (1) =

1√
nh

n∑
i=1

K

(
Xi

h

)
w⊤Viri(h) + oP (1).

Next, we want to use Lyapunov’s Central Limit Theorem, which is stated in Proposition 2,

to argue that the result follows. Define ν(Xi/h) := w⊤Vi. Then, the independent sequence
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of random variables is considered to be(
1√
nh

K

(
Xi

h

)
ν

(
Xi

h

)
ri(h)

)
i=1,...,n

whereby each of this random variables has expectation zero due to the definition of the

residual. We calculate the variance S2
n of the sum of the variables now:

S2
n = Var

(
1√
nh

n∑
i=1

K

(
Xi

h

)
ν

(
Xi

h

)
ri(h)

)

=
1

nh

n∑
i=1

E

(
K

(
Xi

h

)2

ν

(
Xi

h

)2

ri(h)
2

)

=
1

h
E

(
K

(
Xi

h

)2

ν

(
Xi

h

)2

ri(h)
2

)
.

Now we need to state that the required condition

lim
n→∞

1

S2+δ
n

n∑
i=1

1(√
nh
)2+δ

E

(
K

(
Xi

h

)2+δ ∣∣∣∣ν (Xi

h

)∣∣∣∣2+δ

|ri(h)|2+δ

)
= 0 (6.18)

for Lyapunov’s CLT is true. Indeed, there are constants C1, C2 > 0 and δ > 0 such that

1

h
E

(
K

(
Xi

h

)2

ν

(
Xi

h

)2

ri(h)
2

)
−−−→
n→∞

C1, (6.19)

1

h
E

(
K

(
Xi

h

)2+δ ∣∣∣∣ν (Xi

h

)∣∣∣∣2+δ

|ri(h)|2+δ

)
≤ C2. (6.20)

The convergence in (6.19) can be seen by

lim
n→∞

1

h
E

(
K

(
Xi

h

)2

ν

(
Xi

h

)2

ri(h)
2

)

= lim
n→∞

1

h
E

(
K

(
Xi

h

)2

ν

(
Xi

h

)2

E(ri(h)2 | Xi)

)

= lim
n→∞

∫ ∞

−∞
K(y)2ν(y)2E(ri(h)2 | Xi = yh)fX(yh) dy

=

∫ 1

−1
K(y)2ν(y)2 lim

n→∞
E(ri(h)2 | Xi = yh)fX(yh) dy

=

∫ 0

−1
K(y)2ν(y)2 lim

n→∞
E(ri(h)2 | Xi = yh)fX(yh) dy

+

∫ 1

0
K(y)2ν(y)2 lim

n→∞
E(ri(h)2 | Xi = yh)fX(yh) dy

whereby we used the Theorem of Dominated Convergence to move the limit inside the
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integral. For both 1 ≥ y > 0 and −1 ≤ y < 0, limn→∞ E(ri(h)2 | Xi = yh) exists directly

due to the assumptions stated in (6.8). Thus, the above expression converges to some

C1 > 0.

The upper bound in (6.20) is a direct consequence of the assumption

sup
n∈N

sup
x∈[−h,h]

E(|ri(h)|2+δ | Xi = x) < ∞

since

1

h
E

(
K

(
Xi

h

)2+δ ∣∣∣∣ν (Xi

h

)∣∣∣∣2+δ

|ri(h)|2+δ

)

=

∫ 1

−1
K(y)2+δ|ν(y)|2+δE(|ri(h)|2+δ | Xi = yh)fX(yh) dy.

Combining (6.19) and (6.20) gives

1

S2+δ
n

n∑
i=1

1(√
nh
)2+δ

E

(
K

(
Xi

h

)2+δ ∣∣∣∣ν (Xi

h

)∣∣∣∣2+δ

|ri(h)|2+δ

)

=
n∑

i=1

n− 2+δ
2 h−

2+δ
2 E

(
K
(
Xi
h

)2+δ ∣∣∣ν (Xi
h

)∣∣∣2+δ
|ri(h)|2+δ

)
S2+δ
n

=
1

n

n∑
i=1

n− δ
2h−

δ
2
1
hE
(
K
(
Xi
h

)2+δ ∣∣∣ν (Xi
h

)∣∣∣2+δ
|ri(h)|2+δ

)
S2+δ
n

≤ C2(nh)
− δ

2(
C1
2

) 2+δ
2

−−−→
n→∞

0 (since nh → ∞)

which is condition (6.18) we wanted to show. Hence, as Lyapunov’s CLT stated in Propo-

sition 2 can be applied, we obtain

1√
nhS2

n

n∑
i=1

K

(
Xi

h

)
ν

(
Xi

h

)
ri(h)

d−→ N (0, 1).

This shows the assertion.
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7 Asymptotic Normality of the Estimator

This chapter aims to prove the main theorem of this thesis, stating that the estimator of

the average treatment effect is asymptotically normally distributed. As several conditions

are required so that this holds, the next section will briefly cover all necessary assumptions.

After that, the final theorem will be stated and proved, followed by two lemmas that cover

the rather technical calculations which show the representations of the bias and variance

used within the theorem’s assertion. Finally, we will compare these results to the bias and

variance of the baseline estimator without covariates.

7.1 Assumptions

In order to state the asymptotic normality of the covariate-adjusted estimator of the

average treatment effect, we need to formulate several assumptions that all need to be

satisfied.

Assumption 1 (Convergence of bandwidth). Let the bandwidth be a sequence (hn)n∈N

with hn > 0 for all n ∈ N such that h → 0 and nh → ∞ for n → ∞.

Assumption 2 (Kernel function). Let K : R → R be a non-negative, integrable and

symmetric function with K(4),
(
K2
)(2)

< ∞ which integrates to one and is supported on

[−1, 1].

Assumption 3 (Differentiability). Let µZ be continuous. Further, let the conditional

expectations µZ and µY be three times one-sided differentiable at zero, that is being three

times differentiable on (−∞, 0) and (0,∞) such that the left- and right-sided limit in zero

of µZ and µY and its derivatives up to order three exist. Also, let µZZ⊤ and µZY be one

time one-sided differentiable in zero.

In order to state the next assumptions, the following two definitions regarding an

adjusted version of the covariates and a covariate-adjusted outcome are necessary.

Definition 7.1. Define the matrix Mn ∈ R4×p as

Mn :=
(
µZ(0) 0 hµ′

Z− h
(
µ′
Z+ − µ′

Z−

))⊤
.

Definition 7.2 (Adjusted variables). Define

Z̃i := Zi −M⊤
n Vi and Ỹi := Yi − Z⊤

i γn

with γn :=
(
σ2
Z− + σ2

Z+

)−1 (
σ2
ZY− + σ2

ZY+

)
.

Please note that replacing Zi by Z̃i in the definition of Ỹi and γn would deliver the

same representation of the bias and variance as provided in (7.1). This can be verified

similarly to statements contained in the calculation of that representations, particularly in

(7.7) and (7.8) in combination with (7.4). Now we can continue with the next assumption.
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Assumption 4 (Invertibility). Let E
(
Kh(Xi)Z̃iZ̃

⊤
i

)
be invertible and

∥∥∥∥E(Kh(Xi)Z̃iZ̃
⊤
i

)−1
∥∥∥∥
2

= O(1).

Assumption 5 (Density). Let the probability density function fX of Xi be three times

continuously differentiable in a neighborhood around zero with fX(0) > 0.

Assumption 6 (Uniform boundedness). Let the following statements be true for all

k, l ∈ {1, ..., p}

sup
n∈N

sup
x∈[−h,h]

E
((

Z̃
(k)
i ri(h)

)2
Xi = x

)
< ∞,

sup
n∈N

sup
x∈[−h,h]

E
((

Z̃
(k)
i Z̃

(l)
i

)2
Xi = x

)
< ∞

and let δ > 0 such that

sup
n∈N

sup
x∈[−h,h]

E
(
|ri(h)|2+δ | Xi = x

)
< ∞.

Assumption 7 (Equi-continuity). Let σl, σr > 0 be finite numbers such that

lim
n→∞

sup
λ∈[0,1]

|E
(
ri(h)

2 | Xi = λh
)
− σ2

r | = 0,

lim
n→∞

sup
λ∈[0,1]

|E
(
ri(h)

2 | Xi = −λh
)
− σ2

l | = 0.

7.2 Main Theorem

The representation of the bias and the variance that are used in the theorem include two

coefficients being dependent of the kernel function. After defining those, we will finally

state the theorem.

Definition 7.3. Define

CB :=
2
(
K

(2)
+

)2
− 2K

(1)
+ K

(3)
+

K
(2)
+ − 2

(
K

(1)
+

)2
and

CS :=

(
K2
)(0) (

K
(2)
+

)2
+
(
K2
)(2)
+

(
K

(1)
+

)2
− 2

(
K2
)(1)
+

K
(2)
+ K

(1)
+[(

K
(1)
+

)2
− 1

2K
(2)
+

]2 .
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Theorem 1. Suppose that the assumptions of Section 7.1 hold. There are sequences Bn

and Sn with

Bn =
CB
2

(
µ′′
Ỹ +

− µ′′
Ỹ −

)
+ o(1)

S2
n =

CS
fX(0)

(
σ2
Ỹ +

+ σ2
Ỹ −

)
+ o(1)

(7.1)

such that the following statement is true:

√
nh(τ̂h − τY − h2Bn)

Sn

d−→ N (0, 1).

The proof of the theorem consists of two main steps. The first one is to show a

representation of the bias. Indeed, this was the result of Chapter 5. In the second main

step, we show the asymptotic normality in the covariate-adjusted case. Indeed, this is

exactly what was done in Chapter 6. In fact, combining Chapter 5 and 6 gives us the

proof of the main theorem of this thesis. All we have to do is to verify the necessary

conditions and requirements. Besides, just some extra effort is required in order to obtain

the above representation of the bias and variance as stated in the assertion.

Proof of Theorem 1. We start by showing that it is enough to consider the case when µZ is

continuously differentiable. Note that the differentiablity and continuity statements about

µZ in Assumption 3 are necessary throughout the next few calculations on µZ̃ . First, we

have

µZ̃(x) = E(Z̃i | Xi = x)

= E (Zi | Xi = x)− E
(
M⊤

n Vi | Xi = x
)

= E(Zi | Xi = x)− E
(
µZ(0) +Xiµ

′
Z− + TiXi

(
µ′
Z+ − µ′

Z−
)
| Xi = x

)
= µZ(x)− µZ(0)− xµ′

Z− − x1(x ≥ 0)
(
µ′
Z+ − µ′

Z−
)
.

Now we can state the following: For x > 0 we have

µZ̃(x) = µZ(x)− µZ(0)− xµ′
Z− − x

(
µ′
Z+ − µ′

Z−
)

= µZ(x)− µZ(0)− xµ′
Z+,

µ′
Z̃
(x) = µ′

Z(x)− µ′
Z+,

which implies

lim
x↘0

µ′
Z̃
(x) = µ′

Z+ − µ′
Z+ = 0. (7.2)
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On the other hand, we obtain for x < 0

µZ̃(x) = µZ(x)− µZ(0)− xµ′
Z−,

µ′
Z̃
(x) = µ′

Z(x)− µ′
Z−,

hence

lim
x↗0

µ′
Z̃
(x) = µ′

Z− − µ′
Z− = 0. (7.3)

Therefore, we can continuously extend µ′
Z̃
at zero by setting µ′

Z̃
(0) = 0. Also, we have

µZ̃(0) = µZ(0)− µZ(0)− 0µ′
Z− − 01(x ≥ 0)

(
µ′
Z+ − µ′

Z−
)
= 0. (7.4)

In particular, Assumption 3 implies that also µZ̃ is continuous and three times one-sided

differentiable at zero. Similarly, we can show that µZ̃Z̃⊤ and µZ̃Y are one time one-sided

differentiable at zero.

By defining an estimator which is based on Vi and Z̃i, namely

(
θ̌n(h), γ̌n(h)

)
= argmin

(θ,γ)∈Rp+4

n∑
i=1

Kh(Xi)
(
Yi − V ⊤

i θ − Z̃i
⊤
γ
)2

,

we can compare it with our normal estimator based on Vi and Zi:

(
θ̂n(h), γ̂n(h)

)
= argmin

(θ,γ)∈Rp+4

n∑
i=1

Kh(Xi)
(
Yi − V ⊤

i θ − Z⊤
i γ
)2

= argmin
(θ,γ)∈Rp+4

n∑
i=1

Kh(Xi)
(
Yi − V ⊤

i (θ +Mnγ)− Z̃i
⊤
γ
)2

.

As it is obvious that the minimizing parameters have to be identical, we conclude in the

case of uniqueness of these parameters

γ̌n(h) = γ̂n(h) and θ̌n(h) = θ̂n(h) +Mnγ̂n(h).

In the case when multiple minimizing parameters exist, we just state that there are pa-

rameters such that the above identification holds. In an analogous way, we also have

(
θ̌0(h), γ̌0(h)

)
:= argmin

(θ,γ)∈Rp+4

E
(
Kh(Xi)

(
Yi − V ⊤

i θ − Z̃i
⊤
γ
)2)

and

(θ0(h), γ0(h)) = argmin
(θ,γ)∈Rp+4

E
(
Kh(Xi)

(
Yi − V ⊤

i (θ +Mnγ)− Z̃i
⊤
γ
)2)

.

By providing the same argument as above, we obtain

γ̌0(h) = γ0(h) and θ̌0(h) = θ0(h) +Mnγ0(h).
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As we are only interested in the effect of the treatment variable, we proceed by calculating

the second entry of those parameters:

θ̌(2)n (h) = θ̂(2)n (h) + (Mn)2γ̂n(h) = θ̂(2)n (h),

whereby the second equality follows from the fact that the second row of Mn is zero by

definition. We can now substitute the estimators in the expression which we want to

examine asymptotically:√
nh

S2
n

(
θ̂(2)n (h)− θ̌

(2)
0 (h)

)
=

√
nh

S2
n

(
θ̌(2)n (h)− θ̌

(2)
0 (h)

)
. (7.5)

We want to apply Lemma 5.7 with Zi = Z̃i now. Indeed, all necessary conditions are

satisfied due to Assumption 1 to 5 and the considerations in (7.2), (7.3) and (7.4). Indeed,

Lemma 5.7 gives us θ̌
(2)
0 = τY + h2B̌n whereby

B̌n =
CB
2

(
µ′′
Y + − µ′′

Y − −
p∑

k=1

(
µ′′
Z̃(k)+

− µ′′
Z̃(k)−

)
β̌(k)
n

)
+ o(1)

with

β̌n = E
(
Kh(Xi)Z̃iZ̃

⊤
i

)−1
E
(
Kh(Xi)Z̃iYi

)
.

By Lemma 7.1, which can be found below and calculates the representation for the bias,

we can conclude B̌n = Bn leading to

θ̌
(2)
0 = τY + h2Bn.

Also, we know that θ̂
(2)
n = τ̂h by definition. Inserting these expressions in (7.5) shows that

it is enough to examine the asymptotic behavior of√
nh

S2
n

(
θ̌(2)n (h)− θ̌

(2)
0 (h)

)
in order to prove the assertion of the theorem.

We have

ři(h) = Yi − V ⊤
i θ̌0(h)− Z̃i

⊤
γ̌0(h)

= Yi − V ⊤
i

(
θ0(h) +Mnγ0(h)

)
−
(
Zi −M⊤

n Vi

)⊤
γ0(h)

= Yi − V ⊤
i θ0(h)− Ziγ0(h)

= ri(h).

(7.6)

As a consequence, we can replace ri(h) by ři(h) in Assumption 6 and 7 and they still hold.

Thus, Lemma 6.4 can be applied with Zi = Z̃i since its assumptions are satisfied by using
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Assumption 1 to 7 from Section 7.1. This gives us that√
nh

Š2
n

(
θ̌(2)n (h)− θ̌

(2)
0 (h)

)
d−→ N (0, 1)

whereby

Š2
n =

1

h
E

(
K

(
Xi

h

)2

(w⊤Vi)
2ři(h)

2

)
.

From Lemma 7.2, which can be found below and calculates the representation of the

variance, we know that Š2
n = S2

n, directly leading to

√
nh(τ̂h − τY − h2Bn)

Sn

d−→ N (0, 1)

by the above considerations. This proves the assertion of the theorem.

The subsequent two lemmas cover the calculation of the representation of the bias and

the variance used in the above theorem. Mostly, it relies on rather technical computations

and already shown representations from the previous chapters.

Lemma 7.1 (Computation for the bias). Let the assumptions of Section 7.1 hold. Then

µ′′
Y+ − µ′′

Y− −
(
µ′′
Z̃+

− µ′′
Z̃−

)⊤
β̌n = µ′′

Ỹ+
− µ′′

Ỹ− + o(1)

whereby

β̌n = E
(
Kh(Xi)Z̃iZ̃

⊤
i

)−1
E
(
Kh(Xi)Z̃iYi

)
.

Proof. First, we know that

µ′′
Z = µ′′

Z̃
. (7.7)

For this reason, we can also proof

µ′′
Y+ − µ′′

Y− −
(
µ′′
Z+ − µ′′

Z−
)⊤

β̌n = µ′′
Ỹ+

− µ′′
Ỹ− + o(1)

in order to show the lemma. Since we know by definition that for x ̸= 0

µ′′
Ỹ
(x) = µ′′

Y−Z⊤γn
(x)

=
d2

dx2
E
(
Yi − Z⊤

i γn | Xi = x
)

=
d2

dx2
E(Yi | Xi = x)− d2

dx2
E(Z⊤

i | Xi = x)γn

= µ′′
Y − µ′′

Z⊤γn,

we obtain

µ′′
Ỹ+

− µ′′
Ỹ− = µ′′

Y+ − µ′′
Y− −

(
µ′′
Z+ − µ′′

Z−
)⊤

γn.

63



7.2 Main Theorem 7 ASYMPTOTIC NORMALITY OF THE ESTIMATOR

Therefore it is enough to show that

(
µ′′
Z+ − µ′′

Z−
)⊤ (

β̌n − γn
)
= o(1).

Since the first factor is constant, we just have to evaluate the convergence of the second

factor. Indeed,

∥∥β̌n − γn
∥∥
2
=

∥∥∥∥E(Kh(Xi)Z̃iZ̃
⊤
i

)−1
E
(
Kh(Xi)Z̃i

(
Yi − Z̃⊤

i γn

))∥∥∥∥
2

≤ O(1)
∥∥∥E(Kh(Xi)Z̃i

(
Yi − Z̃⊤

i γn

))∥∥∥
2

whereby Assumption 4 is used. Now set

f(x) = E
(
Z̃i

(
Yi − Z̃⊤

i γn

)
Xi = x

)
,

then

E
(
Kh(Xi)Z̃i

(
Yi − Z̃⊤

i γn

))
= E

(
1

h
K

(
Xi

h

)
f(Xi)

)
.

We have

f+ = µZ̃Y+ − µZ̃Z̃⊤γn+

= µ(Z−M⊤
n V )Y+ − µ(Z−M⊤

n V )(Z−M⊤
n V )⊤+γn

= µZY+ − µZ+µY+ + µZ+µY+ − µM⊤
n V Y+ − (µZZ⊤+ − µZ+µZ⊤+)γn

+ (−µZ+µZ⊤+ + µM⊤
n V Z⊤+ + µZV ⊤Mn+ − µM⊤

n V V ⊤Mn+)γn

= σ2
ZY+ − σ2

Z+γn

+ µZ+µY+ − µM⊤
n V Y+

+ (−µZ+µZ⊤+ + µM⊤
n V Z⊤+ + µZV ⊤Mn+ − µM⊤

n V V ⊤Mn+)γn

= σ2
ZY+ − σ2

Z+γn

(7.8)

whereby the last equality holds due to

µM⊤
n V Y+ = lim

x↘0
E


(
µZ(0) 0 hµ′

Z− h(µ′
Z+ − µ′

Z−)
)


1

Ti

Xi/h

TiXi/h

 Xi = x


= lim

x↘0
E
(
(µZ(0) + µ′

Z−Xi + TiXi(µ
′
Z+ − µ′

Z−))Yi | Xi = x
)

= µZ(0)µY+

= µZ+µY+,
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µM⊤
n V V ⊤Mn+

= lim
x↘0

E




µZ(0)

0

hµ′
Z−

h(µ′
Z+ − µ′

Z−)


⊤

1

Ti

Xi/h

TiXi/h




1

Ti

Xi/h

TiXi/h


⊤

µZ(0)
⊤

0

hµ′⊤
Z−

h(µ′
Z+ − µ′

Z−)
⊤

 Xi = x


= lim

x↘0
E
(
(µZ(0) + µ′

Z−Xi + TiXi(µ
′
Z+ − µ′

Z−))(µZ(0)
⊤ +Xiµ

′⊤
Z− +XiTi(µ

′
Z+ − µ′

Z−)
⊤)

| Xi = x
)

= µZ(0)µZ(0)
⊤

= µZ+µ
⊤
Z+,

µM⊤
n V Z⊤+ = lim

x↘0
E
(
(µZ(0) + µ′

Z−Xi + TiXi(µ
′
Z+ − µ′

Z−))Z
⊤
i | Xi = x

)
= µZ(0)µ

⊤
Z+

= µZ+µ
⊤
Z+

and finally

µZV ⊤Mn+ =
(
µM⊤

n V Z⊤+

)⊤
=
(
µZ+µ

⊤
Z+

)⊤
= µZ+µ

⊤
Z+.

Analogously we obtain

f− = σ2
ZY− − σ2

Z−γn

leading to

f+ + f− = σ2
ZY+ − σ2

Z+γn + σ2
ZY− − σ2

Z−γn

= σ2
ZY+ + σ2

ZY− − (σ2
Z+ + σ2

Z−)γn

= σ2
ZY+ + σ2

ZY− − (σ2
Z+ + σ2

Z−)
(
(σ2

Z+ + σ2
Z−)

−1(σ2
ZY+ + σ2

ZY−)
)

= 0.

We perform a Taylor expansion similar as in (5.2), but this time just up to the first degree,

which means

E
(
Kh(Xi)Z̃i

(
Yi − Z̃⊤

i γn

))
= K

(0)
− f−fX(0) +K

(0)
+ f+fX(0) +O(h)

= K
(0)
− fX(0) (f− + f+)︸ ︷︷ ︸

=0

+O(h) = O(h).

Hence there is some constant C > 0 such that

∥∥β̌n − γn
∥∥
2
≤ Ch

n→∞−−−→ 0,

which in turn implies the statement of the lemma.
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Lemma 7.2 (Computation for the variance). Let the assumptions of Section 7.1 hold.

Then
1

h
E

(
K

(
Xi

h

)2

(w⊤Vi)
2ři(h)

2

)
+ o(1) = S2

n

whereby w =
([
(fX(0)κ(K))−1

]
2·
)⊤

.

Proof. We conclude in two steps. First, we show that

1

h
E

(
K

(
Xi

h

)2

(w⊤Vi)
2ři(h)

2

)
h→0−−−→ CS

fX(0)

(
σ2
l + σ2

r

)
, (7.9)

whereby σ2
l and σ2

r are the finite numbers provided by Assumption 7. Indeed,

1

h
E

(
K

(
Xi

h

)2

(w⊤Vi)
2ři(h)

2

)

=
1

h
E

(
K

(
Xi

h

)2

(w⊤Vi)
2E
(
ři(h)

2 | Xi

))

=

∫ ∞

−∞

1

h
K
(x
h

)2(
w⊤
(
1 1(x ≥ 0) x

h
x
h1(x ≥ 0)

)⊤)2

µři(h)2(x)fX(x) dx

=

∫ ∞

−∞
K(y)2

1

fX(0)2

(
[κ(K)−1]2

(
1 1(yh ≥ 0) y y1(yh ≥ 0)

)⊤)2

µři(h)2(yh)fX(yh) dy

=

∫ 0

−1
K(y)2

1

fX(0)2

(
[κ(K)−1]2

(
1 0 y 0

)⊤)2

µři(h)2(yh)fX(yh) dy

+

∫ 1

0
K(y)2

1

fX(0)2

(
[κ(K)−1]2

(
1 1 y y

)⊤)2

µři(h)2(yh)fX(yh) dy

h→0−−−→
∫ 0

−1
K(y)2

1

fX(0)

(
[κ(K)−1]2

(
1 0 y 0

)⊤)2

σ2
l dy

+

∫ 1

0
K(y)2

1

fX(0)

(
[κ(K)−1]2

(
1 1 y y

)⊤)2

σ2
r dy

whereby the limit is moved inside the integral by the Theorem of Dominated Convergence.

Also, we used that

µři(h)2(−yh) −−−→
n→∞

σ2
l and µři(h)2(yh) −−−→n→∞

σ2
r

for all y ∈ [0, 1] since ři(h) = ri(h) and by the choice of σl and σr in Assumption 7.
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Next, we use the representation of κ(K)−1 as stated in Lemma 5.3 and obtain∫ 0

−∞
K(y)2

1

fX(0)

(
[κ(K)−1]2

(
1 0 y 0

)⊤)2

σ2
l dy

=
fX(0)−1[(

K
(1)
+

)2
− 1

2K
(2)
+

]2 ∫ 0

−∞
K(y)2

((
K

(2)
+ −2K

(2)
+ K

(1)
+ 0

)(
1 0 y 0

)⊤)2

σ2
l dy

=
fX(0)−1[(

K
(1)
+

)2
− 1

2K
(2)
+

]2 ∫ 0

−∞
K(y)2

((
K

(2)
+

)2
+ y2

(
K

(1)
+

)2
+ 2yK

(2)
+ K

(1)
+

)
σ2
l dy

=
fX(0)−1[(

K
(1)
+

)2
− 1

2K
(2)
+

]2 ((K2)
(0)
−

(
K

(2)
+

)2
+ (K2)

(2)
−

(
K

(1)
+

)2
+ 2(K2)

(1)
− K

(2)
+ K

(1)
+

)
σ2
l

=
fX(0)−1[(

K
(1)
+

)2
− 1

2K
(2)
+

]2 ((K2)
(0)
+

(
K

(2)
+

)2
+ (K2)

(2)
+

(
K

(1)
+

)2
− 2(K2)

(1)
+ K

(2)
+ K

(1)
+

)
σ2
l

=
CS

fX(0)
σ2
l

and∫ ∞

0
K(y)2

1

fX(0)

(
[κ(K)−1]2

(
1 1 y y

)⊤)2

σ2
r dy

=
fX(0)−1[(

K
(1)
+

)2
− 1

2K
(2)
+

]2 ∫ ∞

0
K(y)2

((
K

(2)
+ −2K

(2)
+ K

(1)
+ 0

)(
1 1 y y

)⊤)2

σ2
r dy

=
fX(0)−1[(

K
(1)
+

)2
− 1

2K
(2)
+

]2 ∫ ∞

0
K(y)2

((
K

(2)
+

)2
+ y2

(
K

(1)
+

)2
− 2yK

(2)
+ K

(1)
+

)
σ2
r dy

=
fX(0)−1[(

K
(1)
+

)2
− 1

2K
(2)
+

]2 ((K2)
(0)
+

(
K

(2)
+

)2
+ (K2)

(2)
+

(
K

(1)
+

)2
− 2(K2)

(1)
+ K

(2)
+ K

(1)
+

)
σ2
r

=
CS

fX(0)
σ2
r .

Therefore, the convergence in (7.9) is proved. We proceed with the second step and want

to show that

σ2
Ỹ+

= σ2
r and σ2

Ỹ− = σ2
l . (7.10)
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We do this by first using the representation of θ̌0(h) as stated in (5.10). We have

θ̌0(h) =
(
I − E

(
Kh(Xi)ViV

⊤
i

)−1
E
(
Kh(Xi)ViZ̃

⊤
i

)
E
(
Kh(Xi)Z̃iZ̃

⊤
i

)−1

E
(
Kh(Xi)Z̃iV

⊤
i

))−1 (
κ(K)−1E

(
Kh(Xi)ViV

⊤
i

))−1

κ(K)−1

(
E(Kh(Xi)ViYi)− E

(
Kh(Xi)ViZ̃

⊤
i

)
E
(
Kh(Xi)Z̃iZ̃

⊤
i

)−1

E(Kh(Xi)Z̃iYi)

)
=

(
I −

(
1

fX(0)
κ(K)−1 + o(1)

)
· o(1)

)−1

·
(

1

fX(0)
I + o(1)

)

·




fX(0)µY−

fX(0)τY

h[µY fX ]′−

h
(
[µY fX ]′+ − [µY fX ]′−

)

+ o(1)



=


µY−

τY

0

0

+ o(1)
h→0−−−→


µY−

τY

0

0



(7.11)

whereby we used Lemma 5.2, Lemma 5.4 and Lemma 5.5 together with the fact that

µZ̃(0) = µ′
Z̃
(0) = 0 to obtain the above convergence.

Next, we want to state that

γ0(h) = γn +O(h). (7.12)

To show this we use the representation given in (5.10) again, but this time we interchange

the roles of Vi and Zi in order to represent γ0(h) instead of θ0(h). Indeed, we obtain

γ0(h)

=
(
E(Kh(Xi)ZiZ

⊤
i )− E(Kh(Xi)ZiV

⊤
i )E(Kh(Xi)ViV

⊤
i )−1E(Kh(Xi)ViZ

⊤
i )
)−1

(
E(Kh(Xi)ZiYi)− E(Kh(Xi)ZiV

⊤
i )E(Kh(Xi)ViV

⊤
i )−1E(Kh(Xi)ViYi)

)
=
(
E(Kh(Xi)ZiZ

⊤
i )− E(Kh(Xi)ZiV

⊤
i )
(
κ(K)−1E(Kh(Xi)ViV

⊤
i )
)−1

κ(K)−1E(Kh(Xi)ViZ
⊤
i )
)−1

(
E(Kh(Xi)ZiYi)− E(Kh(Xi)ZiV

⊤
i )
(
κ(K)−1E(Kh(Xi)ViV

⊤
i )
)−1

κ(K)−1E(Kh(Xi)ViYi)
)
.

(7.13)
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We begin by examining the first factor. We have

E(Kh(Xi)ZiZ
⊤
i ) = E(Kh(Xi)E(ZiZ

⊤
i | Xi))

= K
(0)
− µZZ⊤−fX(0) +K

(0)
+ µZZ⊤+fX(0)

=
fX(0)

2

(
µZZ⊤+ + µZZ⊤−

)
by performing Taylor expansion as in (5.2),

E(Kh(Xi)ZiV
⊤
i ) = E

(
Kh(Xi)Zi

(
1 Ti

Xi
h

TiXi
h

))
=
(
E(Kh(Xi)E(Zi | Xi)) ∗ ∗ ∗

)
=
(
fX(0)

2 (µZ+ + µZ−) ∗ ∗ ∗
)

also by Taylor expansion according to (5.2),

κ(K)−1E(Kh(Xi)ViV
⊤
i ) = fX(0)I +O(h)

by Lemma 5.4, and finally

κ(K)−1E(Kh(Xi)ViZ
⊤
i ) =


fX(0)µ⊤

Z−
0

0

0

+O(h)

by applying Lemma 5.2 compontent-wise and the fact that µZ+ = µZ− due to the conti-

nuity of µZ . Taking all the above statements together gives

E(Kh(Xi)ZiZ
⊤
i )− E(Kh(Xi)ZiV

⊤
i )
(
κ(K)−1E(Kh(Xi)ViV

⊤
i )
)−1

κ(K)−1E(Kh(Xi)ViZ
⊤
i )

=
fX(0)

2

(
µZZ⊤+ + µZZ⊤−

)
−
(
fX(0)

2 (µZ+ + µZ−) ∗ ∗ ∗
) 1

fX(0)


fX(0)µ⊤

Z−
0

0

0


+O(h)

=
fX(0)

2

(
µZZ⊤+ + µZZ⊤− − µZ+µ

⊤
Z+ − µZ−µ

⊤
Z−

)
+O(h)

=
fX(0)

2

(
σ2
Z+ + σ2

Z−
)
+O(h)

whereby we used again that µ⊤
Z+ = µ⊤

Z−. In an analogous way, we obtain for the second
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factor

E(Kh(Xi)ZiYi)− E(Kh(Xi)ZiV
⊤
i )
(
κ(K)−1E(Kh(Xi)ViV

⊤
i )
)−1

κ(K)−1E(Kh(Xi)ViYi)

=
fX(0)

2

(
σ2
ZY+ + σ2

ZY−
)
+O(h).

Refering back to equation (7.13) and inserting the respective terms, we overall obtain

γ0(h) =

(
fX(0)

2

(
σ2
Z+ + σ2

Z−
)
+O(h)

)−1(fX(0)

2

(
σ2
ZY+ + σ2

ZY−
)
+O(h)

)
=
(
σ2
Z+ + σ2

Z−
)−1 (

σ2
ZY+ + σ2

ZY−
)
+O(h)

= γn +O(h).

(7.14)

We can use this equality in order to get

θ0(h)−


µỸ−

µỸ+ − µỸ−
0

0



= θ̌0(h)−Mnγ0(h)−


µY− − µ⊤

Z−γn

τY

0

0



= θ̌0(h)−


µZ(0)

⊤

0

hµ′⊤
Z−

h(µ′⊤
Z+ − µ′⊤

Z−)

 (γn +O(h))−


µY− − µ⊤

Z−γn

τY

0

0



= θ̌0(h)−


µZ(0)

⊤(γn +O(h))

0

hµ′⊤
Z−(γn +O(h))

h(µ′⊤
Z+ − µ′⊤

Z−)(γn +O(h))

−


µY− − µ⊤

Z−γn

τY

0

0



(7.11)−−−→
h→0


µY−

τY

0

0

−


µ⊤
Z−γn

0

0

0

−


µY− − µ⊤

Z−γn

τY

0

0

 = 0.

(7.15)
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Next, we have

lim
x↘0

E(r2i (h) | Xi = x)− lim
x↘0

Var(Ỹi | Xi = x)

= lim
x↘0

(
E
(
(Yi − V ⊤

i θ0(h)− Z⊤
i γ0(h))

2 | Xi = x
)
− E

(
(Yi − Z⊤

i γn)
2 | Xi = x

)
+ E

(
Yi − Z⊤

i γn | Xi = x
)2 )

= lim
x↘0

(
E
(
Y 2
i | X = x

)
− 2E

(
YiV

⊤
i θ0(h) | Xi = x

)
− 2E

(
YiZ

⊤
i γ0(h) | Xi = x

)
+ E

(
(V ⊤

i θ0(h))
2 | Xi = x

)
+ 2E

(
V ⊤
i θ0(h)Z

⊤
i γ0(h) | Xi = x

)
+ 2E

(
(Z⊤

i γ0(h))
2 | Xi = x

)
− E

(
Y 2
i | Xi = x

)
+ E (Yi | Xi = x)2

− E
(
(Z⊤

i γn)
2 | Xi = x

)
+ E

(
Z⊤
i γn | Xi = x

)2
+ 2E

(
YiZ

⊤
i γn | Xi = x

)
− 2E (Yi | Xi = x)E

(
Z⊤
i γn | Xi = x

))
= θ0(h)

⊤µV V ⊤+θ0(h)−
(
µY+ − µ⊤

Z+γn

)2
+ γ0(h)

⊤µZZ⊤+γ0(h)− γ⊤n µZZ⊤+γn

− 2µY V ⊤+θ0(h) + 2µ2
Y+ − 2µ⊤

Z+µY+γn

− 2µY Z⊤+γ0(h) + 2µ⊤
Y Z⊤+γn

+ 2θ0(h)
⊤µV Z⊤+γ0(h) + 2γ⊤n µZ+µ

⊤
Z+γn − 2µY+µ

⊤
Z+γn.

(7.16)

We examine this expression row-wise for h → 0 by using (7.14) as well as (7.15), and state

that each of them converges to zero, leading to the whole expression converging to zero.

Indeed,

θ0(h)
⊤µV V ⊤+θ0(h)

(7.15)
=


µỸ−

µỸ+ − µỸ−
0

0


⊤

µV V ⊤+


µỸ−

µỸ+ − µỸ−
0

0

+ o(1)

=


µỸ−

µỸ+ − µỸ−
0

0


⊤

lim
x↘0

E




1 Ti
Xi
h

TiXi
h

Ti T 2
i

TiXi
h

T 2
i Xi

h
Xi
h

TiXi
h

X2
i

h2

TiX
2
i

h2

TiXi
h

T 2
i Xi

h
TiX

2
i

h2

T 2
i X

2
i

h2

 Xi = x




µỸ−
µỸ+ − µỸ−

0

0


+ o(1)

=
(
µỸ− µỸ+ − µỸ− 0 0

)

1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0




µỸ−
µỸ+ − µỸ−

0

0

+ o(1)
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=
(
µỸ− µỸ+ − µỸ− 0 0

)

µỸ+

µỸ+

0

0

+ o(1)

= µ2
Ỹ+

+ o(1)

=
(
µY+ − µZ⊤+γn

)2
+ o(1),

γ0(h)
⊤µZZ⊤+γ0(h)− γ⊤n µZZ⊤+γn

(7.14)
= O(h),

µY V ⊤+θ0
(7.15)
= lim

x↘0
E
((

Yi YiTi
YiXi
h

YiTiXi
h

)
| Xi = x

)


µỸ−
µỸ+ − µỸ−

0

0

+ o(1)

=
(
µY+ µY+ 0 0

)


µỸ−
µỸ+ − µỸ−

0

0

+ o(1)

= µY+(µY− − µZ⊤−γn) + µY+(µY+ − µY− + µZ⊤−γn − µZ⊤+γn) + o(1)

= µ2
Y+ − µY+µZ⊤+γn + o(1),

µY Z⊤+γ0 − µY Z⊤+γn
(7.14)
= O(h),

and at last we have

θ0(h)
⊤µV Z⊤+γ0

(7.14)
= θ0(h)

⊤µV Z⊤+γn + θ0(h)
⊤µV Z⊤+O(h)

(7.15)
=

(
µỸ− µỸ+ − µỸ− 0 0

)
lim
x↘0




1

1(x ≥ 0)

x/h

1(x ≥ 0)x/h

E(Z⊤
i | Xi = x)

 γn + o(1)

=
(
µỸ− µỸ+ − µỸ− 0 0

)

1

1

0

0

µZ⊤+γn + o(1)

= µỸ+µZ⊤+γn + o(1) = µY+µZ⊤+γn − γ⊤n µZ+µ
⊤
Z+γn + o(1).

Overall, we can merge these statements and conclude by refering back to equation (7.16)
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that

lim
x↘0

E(r2i (h) | Xi = x) −−−→
n→∞

lim
x↘0

Var
(
Ỹi | Xi = x

)
.

Completely analogously, we also obtain

lim
x↗0

E(r2i (h) | Xi = x) −−−→
n→∞

lim
x↗0

Var
(
Ỹi | Xi = x

)
.

By definition of σl and σr, we can conclude that

σ2
Ỹ+

= σ2
r and σ2

Ỹ− = σ2
l ,

which is exactly statement (7.10) that we wanted to show. Hence, the whole assertion is

proved.

7.3 Consequences

As a consequence of the representation of the bias and the variance, we want to discuss

if additional covariates actually enhance our estimator and its MSE. Therefore, as done

in [KR21], we want to study the bias and variance in comparison to those of the baseline

estimator without covariates.

7.3.1 Discussion of Bias

The first term of the bias representation can be written as

µ′′
Ỹ +

− µ′′
Ỹ − =

(
µ′′
Y + − µ′′

Y −
)
−
(
µ′′
Z+ − µ′′

Z−
)⊤

γn.

We can see that the first summand equals the bias of the baseline estimator in (3.1) up

to a constant, whereby the second summand describes the impact of the covariates on the

bias. So in order to understand whether the bias is better than in the case of the baseline

estimator, we have to examine the second summand. Indeed, the covariates can contribute

to the bias in both a favorable and unfavorable way. The best case would be that the second

term makes the bias smaller and hence decreases the error of our estimator. But of course,

the term can also vanish or even make the bias larger. Nonetheless, as argued in [KR21],

we do not have to be afraid of that too much. This is due to the fact that we deal with

pre-treatment covariates, which means that the treatment has no impact on them. This is

expressed by the continuity assumption imposed on µZ leading to µZ+ = µZ−, i.e. µZ not

jumping at the cutoff. Now, as we could argue that µ′′
Z+ = µ′′

Z− is just a slightly stronger

version of that assumption, we could assume that µ′′
Z+−µ′′

Z− = 0. Then, the second term

would vanish and we would obtain the bias of the baseline estimator.
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7.3.2 Discussion of Variance

We want to show that the variance of the covariate-adjusted estimator is less or equal,

but does not exceed the variance of the baseline estimator under the condition that the

left- and right-sided limit of the covariance matrix of Zi are invertible, i.e. we need the

additional assumption that

lim
x↘0

(
Cov

(
Z

(k)
i , Z

(l)
i | Xi = x

))
k,l∈{1,...,p}

and lim
x↗0

(
Cov

(
Z

(k)
i , Z

(l)
i | Xi = x

))
k,l∈{1,...,p}

are invertible. With this condition being satisfied, the idea of the proof is to show that γn

minimizes the function

γ 7→ lim
x↘0

Var
(
Yi − Z⊤

i γ | Xi = x
)
+ lim

x↗0
Var

(
Yi − Z⊤

i γ | Xi = x
)

leading to

σ2
Ỹ +

+ σ2
Ỹ − ≤ σ2

Y+ + σ2
Y−

whereby the expression on the right-hand side is the leading term of the baseline estimator’s

variance provided in (3.2). Next, we want to discuss this idea in more detail.

Proof (that γn minimizes the function). We have for k ∈ {1, ..., p}

∂

∂γk

(
lim
x↘0

Var
(
Yi − Z⊤

i γ | Xi = x
)
+ lim

x↗0
Var

(
Yi − Z⊤

i γ | Xi = x
))

=
∂

∂γk

(
lim
x↘0

E
((

Yi − Z⊤
i γ
)2

| Xi = x

)
− lim

x↘0
E
(
Yi − Z⊤

i γ | Xi = x
)2

+ lim
x↗0

E
((

Yi − Z⊤
i γ
)2

| Xi = x

)
− lim

x↗0
E
(
Yi − Z⊤

i γ | Xi = x
)2)

= lim
x↘0

E
(
2Z

(k)
i

(
Yi − Z⊤

i γ
)
| Xi = x

)
− lim

x↘0
2E
(
Z

(k)
i | Xi = x

)
E
(
Yi − Z⊤

i γ | Xi = x
)

+ lim
x↗0

E
(
2Z

(k)
i

(
Yi − Z⊤

i γ
)
| Xi = x

)
− lim

x↗0
2E
(
Z

(k)
i | Xi = x

)
E
(
Yi − Z⊤

i γ | Xi = x
)

hence

∇γ

(
lim
x↘0

Var
(
Yi − Z⊤

i γ | Xi = x
)
+ lim

x↗0
Var

(
Yi − Z⊤

i γ | Xi = x
))

= lim
x↘0

E
(
2Zi

(
Yi − Z⊤

i γ
)
| Xi = x

)
− lim

x↘0
2E (Zi | Xi = x)E

(
Yi − Z⊤

i γ | Xi = x
)

+ lim
x↗0

E
(
2Zi

(
Yi − Z⊤

i γ
)
| Xi = x

)
− lim

x↗0
2E (Zi | Xi = x)E

(
Yi − Z⊤

i γ | Xi = x
)

= 2
(
µZY+ − µZZ⊤γ+ − µZ+

(
µY+ − µZ⊤γ+

)
+ µZY− − µZZ⊤γ− − µZ−

(
µY− − µZ⊤γ−

))
= 2

(
σ2
ZY− + σ2

ZY+ + µZ+µZ⊤+γ − µZZ⊤+γ + µZ−µZ⊤−γ − µZZ⊤−γ
)

= 2
(
σ2
ZY− + σ2

ZY+ −
(
σ2
Z− + σ2

Z+

)
γ
)
.
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Evaluating the gradient at γn gives

∇γ=γn

(
lim
x↘0

Var
(
Yi − Z⊤

i γ | Xi = x
)
+ lim

x↗0
Var

(
Yi − Z⊤

i γ | Xi = x
))

= 2
(
σ2
ZY− + σ2

ZY+ −
(
σ2
Z− + σ2

Z+

) (
σ2
Z− + σ2

Z+

)−1 (
σ2
ZY− + σ2

ZY+

))
= 0.

It remains to show that the Hessian matrix is positive definite. Indeed for k, l ∈ {1, ..., p}

∂2

∂γl∂γk

(
lim
x↘0

Var
(
Yi − Z⊤

i γ | Xi = x
)
+ lim

x↗0
Var

(
Yi − Z⊤

i γ | Xi = x
))

=
∂

∂γl

(
lim
x↘0

E
(
2Z

(k)
i

(
Yi − Z⊤

i γ
)
| Xi = x

)
− lim

x↘0
2E
(
Z

(k)
i | Xi = x

)
E
(
Yi − Z⊤

i γ | Xi = x
)

+ lim
x↗0

E
(
2Z

(k)
i

(
Yi − Z⊤

i γ
)
| Xi = x

)
− lim

x↗0
2E
(
Z

(k)
i | Xi = x

)
E
(
Yi − Z⊤

i γ | Xi = x
))

= lim
x↘0

E
(
2Z

(k)
i Z

(l)
i | Xi = x

)
− lim

x↘0
2E
(
Z

(k)
i | Xi = x

)
E
(
Z

(l)
i | Xi = x

)
lim
x↗0

E
(
2Z

(k)
i Z

(l)
i | Xi = x

)
− lim

x↗0
2E
(
Z

(k)
i | Xi = x

)
E
(
Z

(l)
i | Xi = x

)
hence

Hγ 7→(limx↘0 Var(Yi−Z⊤
i γ|Xi=x)+limx↗0 Var(Yi−Z⊤

i γ|Xi=x))

≡ lim
x↘0

(
Cov

(
Z

(k)
i , Z

(l)
i | Xi = x

))
k,l∈{1,...,p}

+ lim
x↗0

(
Cov

(
Z

(k)
i , Z

(l)
i | Xi = x

))
k,l∈{1,...,p}

.

(7.17)

We show that the first summand is positive semi-definite as this can be conducted analo-

gously for the second summand. We have for y ∈ Rp \ {0}

y⊤ lim
x↘0

(
Cov

(
Z

(k)
i , Z

(l)
i | Xi = x

))
k,l∈{1,...,p}

y

= lim
x↘0

y⊤
(
E
((

Z
(k)
i − E

(
Z

(k)
i | Xi = x

))
(
Z

(l)
i − E

(
Z

(l)
i | Xi = x

))
| Xi = x

))
k,l∈{1,...,p}

y

= lim
x↘0

y⊤E
(
(Zi − E(Zi | Xi = x)) (Zi − E(Zi | Xi = x))⊤ | Xi = x

)
y

= lim
x↘0

E
((

(Zi − E(Zi | Xi = x))⊤y
)2

| Xi = x

)

= lim
x↘0

E

( p∑
k=1

yk

(
Z

(k)
i − E

(
Z

(k)
i | Xi = x

)))2

Xi = x

 (∗)
≥ 0.
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Hence, we know that the matrix limx↘0

(
Cov

(
Z

(k)
i , Z

(l)
i | Xi = x

))
k,l∈{1,...,p}

is positive

semi-definite, leading to the fact that we can apply the Cholesky decomposition to obtain

lim
x↘0

(
Cov

(
Z

(k)
i , Z

(l)
i | Xi = x

))
k,l∈{1,...,p}

= L⊤DL

for some orthogonal lower triangular matrix L ∈ Rp×p and a diagonal matrix D ∈ Rp×p

having the real eigenvalues on its diagonal. Note that those eigenvalues are non-negative

since the matrix is positive semi-definite and unequal to zero since we assumed the limit

of the covariance matrix to be invertible. For this reason, D as well as D
1
2 are invertible,

whereby D
1
2 is the diagonal matrix obtained by taking the square root of the diagonal

entries of D. Therefore, D
1
2L is invertible, which means that

y⊤L⊤DLy = y⊤L⊤D
1
2D

1
2Ly = (D

1
2Ly)⊤D

1
2Ly =

∥∥∥D 1
2Ly

∥∥∥2
2
= 0 ⇔ y = 0.

Therefore, even a strict inequality holds in (∗), which proves that the matrix is positive

definite. In an analogous way, we can prove that also the second summand in (7.17)

is positive definite leading to the whole Hessian being positive definite. Finally, we can

conclude that γn is a minimum.
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8 Including Potentially Many Covariates

As already discussed in Section 3.5, the number of covariates has to be small in comparison

to the number of observations as otherwise overfitting can cause a misleading estimator of

the average treatment effect. However, having a large number of covariates that may even

exceed the number of observations can occur quiet often in practice as someone may use

large data sets or apply a large number of transformations on a low-dimensional setting.

Therefore, studying the high-dimensional setting can be of great interest. For this reason,

we want to consider the case that the number of covariates p is not fixed anymore and

rather is allowed to grow as n → ∞, i.e. the covariate dimension is pn depending on

n. By this point, the above studied theory is not appropriate anymore and collapses as

it just produces an accurate estimator in low-dimensional settings. For this reason, the

above theory needs to be enhanced. Indeed, [KR21] developed a theory that deals with

a growing number of covariates by establishing an estimation in two steps: First, given

the set of covariates, a small subset is selected which is strongly related to the outcome.

In the second step, just the chosen covariates are included linearly into the local linear

estimator of the average treatment effect. In fact, the main difference to the above theory

is that we select a small subset of the covariates to be included in the regression, rather

than just taking all of them into consideration. Under so-called approximate sparsity

conditions (which informally means, that only a small number of covariates is relevant),

[KR21] showed that this post-selection estimator is asymptotically normally distributed

with bias and variance about the same as in the above case of a fixed covariate dimension.

This chapter discusses the procedure of covariate selection and estimation as well as the

results on the asymptotic behaviour, bias and variance. Yet, we do not provide proofs.

Moreover, alternatives to the Lasso-based selection approach are developed and presented

at the end of this chapter.

8.1 Covariate Selection

The easiest way to select a subset of the covariates is to use a fixed small subset J =

{j1, ..., js} ⊂ {1, ..., pn} such that |J | ≡ s is very small in comparison to pn. Then we can

define the local linear estimator by linearly including these fixed chosen set of covariates

as

τ̂h(J) = e⊤2 argmin
(θ,γ)∈R4+s

n∑
i=1

Kh(Xi)
(
Yi − V ⊤

i θ − Zi(J)
⊤γ
)2

whereby Zi(J) = (Z
(1)
i , ..., Z

(js)
i )⊤ is the vector of the selected covariates. Then, we

could use the result of Chapter 7 as we have a fixed small number of covariates, leading to

obtaining a consistent estimator under sufficient conditions. Nevertheless, using covariates

that are strongly related to the outcome will deliver a more efficient estimation of the

average treatment effect. As the covariates which are the most related to the outcome are

not known immediately, they have to be determined in a data-driven way. One approach,
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8.2 Post-Lasso Estimator 8 INCLUDING POTENTIALLY MANY COVARIATES

as described in [KR21], is to use a localized version of a Lasso regression in order to

select the covariates. In particular, that means choosing a preliminary bandwidth b and a

penalty parameter λ to solve the least squares problem

(
θ̃n, γ̃n

)
= argmin

(θ,γ)∈R4+pn

n∑
i=1

Kb(Xi)
(
Yi − V ⊤

i θ − (Zi − µ̂Z,n)
⊤γ
)2

+ λ

pn∑
k=1

ŵn,k|γk|

whereby

µ̂Z,n =
1

n

n∑
i=1

ZiKb(Xi) and ŵ2
n,k =

b

n

n∑
i=1

(
Kb(Xi)Z

(k)
i − µ

(k)
Z,n

)2
are the local sample mean and variance of the covariates. The covariates that are the most

related to the outcome are then indicated by the chosen subset

Ĵn = {k ∈ {1, ..., pn} | γ̃(k)n ̸= 0}.

The choices for b and λ have to be made provisionally since they do not occur in the

asymptotic distribution of our estimator as we will see later.

8.2 Post-Lasso Estimator

After the previously described selection procedure of the covariates, the post-Lasso esti-

mator of the average treatment effect is now defined by

τ̂h(Ĵn) = e⊤2 argmin
(θ,γ)

n∑
i=1

Kh(Xi)
(
Yi − V ⊤

i θ − Zi(Ĵn)
⊤γ
)2

.

As already mentioned above, this estimator is asymptotically normally distributed. Yet,

this is not true without further necessary conditions being satisfied. We do not want to

state every condition formally and in detail. However, there is one key condition, which is

of great importance and is the main difference to the low-dimensional case regarding the

assumptions. In fact, this is the approximate sparsity condition.

Approximate sparsity condition Define the residual

ri(J, h) = Yi − V ⊤
i θ0(J, h)− Zi(J)

⊤γ0(J, h)

whereby

(θ0(J, h), γ0(J, h)) = argmin
(θ,γ)

E
(
Kh(Xi)

(
Yi − V ⊤

i θ − Zi(J)
⊤γ
)2)

.
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We assume that pn → ∞ and

max
k=1,...,pn

∣∣∣E(Z(k)
n,iKh(Xi)ri(Jn, h)

)∣∣∣ = O

(√
log pn
nh

)

Also, suppose that this equation is true if we plug in the bandwidth b of the localized

Lasso regression instead of h.

Intuitively, this assumption describes that only a small subset of the covariates is par-

ticularly relevant for the empirical analysis. The reason for this is that it states that every

covariate which is not contained in the selection is locally uncorrelated to the regression

error ri(Jn, h). Note that for every k ∈ Jn the expression E
(
Z

(k)
n,iKh(Xi)ri(Jn, h)

)
van-

ishes anyways. Hence, as not chosen covariates are also not likely to have an impact on

the regression error, it is reasonable to omit them in the empirical analysis.

Under this condition and additional regularity assumptions, [KR21] proved that

√
nh
(
τ̂h(Ĵn)− τY − h2Bn

)
Sn

d−→ N (0, 1)

with bias and variance given by

Bn =
CB
2

(
µ′′
Ỹ +

− µ′′
Ỹ −

)
+ o(|Jn|

1
2 ) and S2

n =
CS

fX(0)

(
σ2
Ỹ+

+ σ2
Ỹ−

)
+ o(1)

whereby

Ỹi = Yi − Z(Jn)
⊤γn with γn =

(
σ2
Z(Jn)− + σ2

Z(Jn)+

)−1 (
σ2
Z(Jn)Y− + σ2

Z(Jn)Y+

)
and CB as well as CS are defined as in the previous chapter. The formulas of the bias and

variance are indeed a natural generalization of the representations stated in the case of a

fixed number of covariates due to o(|Jn|
1
2 ) = o(1) for pn ≡ p and the definition of Ỹi being

identical if Zi is replaced by Zi(Jn).

8.3 Alternatives

As the Lasso procedure aims for selecting covariates that are strongly related to the out-

come, it also seems to be reasonable to perform the selection according to the correlation

of the covariates to the outcome. Indeed, we want to make suggestions for alternative

covariate selection procedures in this subsection which will be examined within the next

chapter by conducting simulations.

For every k ∈ {1, ..., pn} we can calculate the correlation of Z
(k)
i and Yi by

Corr
(
Z

(k)
i , Yi

)
=

Cov
(
Z

(k)
i , Yi

)
σ
Z

(k)
i

σYi

=
E
((

Z
(k)
i − E

(
Z

(k)
i

))
(Yi − E(Yi))

)
√
E
((

Z
(k)
i − E

(
Z

(k)
i

))2)√
E
(
(Yi − E(Yi))2

) ,
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whereby σ
Z

(k)
i

and σYi are the standard deviations of Z
(k)
i and Yi, respectively. Given a

threshold ρbk for each of the correlations of Z
(k)
i and Yi, we can now select all covariates

that have a correlation with absolute value greater or equal ρbk. That means the set Jn of

selected indices is

Jn = {k ∈ {1, ..., pn} | |ρk| ≥ ρbk}

whereby ρk := Corr
(
Z

(k)
i , Yi

)
. Since it is infeasible to calculate ρk, we need to estimate

it by the sample correlation, namely

ρ̂k :=

1
n

∑n
i=1

(
Z

(k)
i − Z(k)

) (
Yi − Y

)
σ̂
Z

(k)
i

σ̂Yi

=

∑n
i=1

(
Z

(k)
i − Z(k)

) (
Yi − Y

)√∑n
i=1

(
Z

(k)
i − Z(k)

)2∑n
i=1

(
Yi − Y

)2
with

σ̂
Z

(k)
i

=

√√√√ 1

n

n∑
i=1

(
Z

(k)
i − Z(k)

)2
and σ̂Yi =

√√√√ 1

n

n∑
i=1

(
Yi − Y

)2
whereby Z(k) = 1

n

∑n
i=1 Z

(k)
i and Y = 1

n

∑n
i=1 Yi are the sample means. Then the data-

driven version of Jn is

Ĵn = {k ∈ {1, ..., pn} | |ρ̂k| ≥ ρbk}.

Next, we want to discuss how ρbk can be chosen.

Choice of correlation threshold Choosing ρbk too low can lead to a large number of

selected covariates, causing a misleading estimator, while choosing ρbk too large can lead

to missing out on beneficial covariates that may increase the accuracy of the estimation.

Therefore, we have a trade-off situation and need to choose the threshold such that we

take all relevant covariates into consideration and leave out those which just dilute our

estimator’s value. Let us assume that the covariates Z
(k)
i are uncorrelated to Yi. Then, we

know that E(Z(k)
i Yi) = E(Z(k)

i )E(Yi). Therefore, by applying Lindeberg-Lévy’s Central

Limit Theorem, we obtain

√
n

(
1

n

n∑
i=1

Z
(k)
i Yi − E

(
Z

(k)
i

)
E(Yi)

)
d−−−→

n→∞
N (0, σ2

k) (8.1)

whereby σ2
k is defined by

σ2
k = Var

(
Z

(k)
i Yi

)
= E

((
Z

(k)
i

)2
Y 2
i

)
− E

(
Z

(k)
i

)2
E(Yi)2.

If we now consider the correlation coefficient, write the covariance as

Cov
(
Z

(k)
i , Yi

)
= E

(
Z

(k)
i Yi

)
− E

(
Z

(k)
i

)
E (Yi) ,
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and replace the term E(Z(k)
i Yi) by the sample mean, we obtain

ρ̃k :=

1
n

∑n
i=1 Z

(k)
i Yi − E

(
Z

(k)
i

)
E(Yi)

σ
Z

(k)
i

σYi

.

Asymptotically, for large enough n, (8.1) states that we can find approximately 95 percent

of all data points ρ̃k for an uncorrelated covariate Z
(k)
i inside the interval[

−1.96σk/(
√
nσ

Z
(k)
i

σYi), 1.96σk/(
√
nσ

Z
(k)
i

σYi)
]
.

If we neglect the bias of the sample correlation coefficent, which is of order O
(
1
n

)
[ZZW03],

we can also approximately assume 95 percent of the data points ρ̂k to be within that

interval for large enough n, i.e.

ρ̂k ∈
[
−1.96σk/(

√
nσ

Z
(k)
i

σYi), 1.96σk/(
√
nσ

Z
(k)
i

σYi)
]
.

Since we want to confirm this approach in a data-driven way by conducting a simulation,

it is appropriate to not be too strict about the bias here. Now we can formulate this as

a statistical test with null hypothesis of Z
(k)
i being uncorrelated to Yi. We want to test

the null hypothesis at a significance level of α = 0.05. For this reason, we reject the null

hypothesis if

|ρ̂k| ≥ 1.96σk/(
√
nσ

Z
(k)
i

σYi).

Hence, we can argue that choosing the correlation threshold ρbk = 1.96σk/(
√
nσ

Z
(k)
i

σYi)

seems to be reasonable as, then, almost all of the uncorrelated covariates will be dropped by

the selection algorithm. Yet, this just guarantees that unfavorable covariates are likely to

be excluded, but does not ensure that correlated covariates are actually selected. But, this

is only partially a problem since we want to be very restrictive when it comes to selecting

covariates in order to keep the number of chosen covariates low. In fact, the priority is to

reject unhelpful covariates rather than taking beneficial covariates into consideration.

Now, given a data set, it is still infeasible to determine ρbk, which is why we need the

sample threshold

ρ̂bk =
1.96σ̂k√
nσ̂

Z
(k)
i

σ̂Yi

whereby σ̂
Z

(k)
i

as well as σ̂Yi are defined as above and

σ̂k =

√√√√ 1

n

n∑
i=1

(
Z

(k)
i

)2
Y 2
i −

(
1

n

n∑
i=1

Z
(k)
i

)2(
1

n

n∑
i=1

Yi

)2

.

Bonferroni correction However, when we have the situation of p different covariates,

this hypothesis test is conducted p times for each of those covariates within one simulation

run. This, indeed, causes an accumulation of type 1 errors and as a consequence, we
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do not reach an overall significance level of 0.05. For this reason, we need to adjust our

above correlation threshold in order to compensate that. Therefore, we now want the null

hypothesis to be that all of the p covariates Z
(k)
i are uncorrelated to the outcome. Then,

the null hypothesis is rejected when one of the individual null hypothesis of Z
(k)
i being

uncorrelated to the outcome is rejected. This situation is indeed suitable for performing

a Bonferroni correction in order to compensate the increasing likelihood of incorrectly

rejecting a null hypothesis, which means falsely selecting a covariate. As our goal is to

obtain an overall significance level of α = 0.05, the Bonferroni correction suggests to test

each individual null hypothesis (of Z
(k)
i being uncorrelated to the outcome) at a significance

level of

αp
ind =

0.05

p
.

Then we choose ωp such that the value ρ̂k for an uncorrelated Z
(k)
i falls inside the interval

ρ̂k ∈
[
−ωpσk/(

√
nσ

Z
(k)
i

σYi), ωpσk/(
√
nσ

Z
(k)
i

σYi)
]
,

with percentage

(1− αp
ind) · 100.

Then, we define our Bonferroni corrected correlation threshold as

ρ̂b,p,correctedk :=
ωpσ̂k√

nσ̂
Z

(k)
i

σ̂Yi

.

Later on, our simulations will incorporate a number of 200 or 1593 covariates, respectively,

depending on the setting. Therefore, applied on these specific cases we obtain the following:

In the case of p = 200, we get a corrected correlation threshold of approximately

ρ̂b,200,correctedk =
3.66σ̂k√
nσ̂

Z
(k)
i

σ̂Yi

,

while we obtain in the case of p = 1593 a value of about

ρ̂b,1593,correctedk =
4.16σ̂k√
nσ̂

Z
(k)
i

σ̂Yi

,

in order to reach an overall significance level of 0.05.

Next, we describe all selection procedures that we want to examine in the remainder

of this thesis.

8.3.1 Selection by Correlation Threshold

We choose all covariates Z
(k)
i that satisfy the condition |ρ̂k| ≥ ρ̂b,p,correctedk . This ensures

that covariates uncorrelated to the outcome are very likely to be rejected. One potential

weakness might be that the threshold contains the factor 1√
n
and, therefore, drops with
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increasing n. For this reason, especially for large data sets, the number of selected covari-

ates may become too large. In the remainder of this thesis, we will refer to this selection

procedure by (CCT), which stands for ”Calculated Correlation Threshold”.

8.3.2 Selection by Correlation Threshold with Simple Deletion

With this procedure we want to address the concern that the number of chosen co-

variates may become too large for growing n. As in the previous procedure, we first

want to select all covariates Z
(k)
i that satisfy the condition |ρ̂k| ≥ ρ̂b,p,correctedk . Now, let

Z(Ĵ) = {Z(j1)
i , ..., Z

(js)
i } be the set of these chosen covariates with j1 < j2 < ... < js.

Indeed, this set now might contain several covariates that are pairwise correlated. In the

case of a correlated pair of two selected covariates, we do not want to keep both as this

might significantly increase the number of chosen covariates while only causing a marginal

increase in new information being provided. In fact, let k ̸= l, then we calculate the

sample correlation coefficient of Z
(jk)
i and Z

(jl)
i

η̂kl :=

∑n
i=1

(
Z

(jk)
i − Z(jk)

)(
Z

(jl)
i − Z(jl)

)
√∑n

i=1

(
Z

(jk)
i − Z(jk)

)2∑n
i=1

(
Z

(jl)
i − Z(jl)

)2
with Z(jk) and Z(jl) being the sample means as above. Given k < l and a threshold

η̂b,pkl > 0, we want to drop one of those two covariates if |η̂kl| ≥ η̂b,pkl . Indeed, in that case,

we drop the covariate with the smaller correlation to the outcome, i.e. if |ρ̂jk | < |ρ̂jl |, we
delete Z

(jk)
i from the set of selected covariates, otherwise we delete Z

(jl)
i .

However, we still need to determine the threshold η̂b,pkl . It needs to be chosen such that

all uncorrelated pairs are very likely to lie below that threshold. Therefore, we can derive

the threshold with the same reasoning as for the above correlation threshold ρ̂b,p,correctedk

by using Lindeberg-Lévy’s Central Limit Theorem. This leads to

η̂b,pkl :=
ξpσ̂kl√

nσ̂
Z

(jk)

i

σ̂
Z

(jl)

i

whereby σ̂
Z

(jk)

i

as well as σ̂
Z

(jl)

i

are the sample standard deviations defined as above,

σ̂kl =

√√√√ 1

n

n∑
i=1

(
Z

(jk)
i

)2 (
Z

(jl)
i

)2
−

(
1

n

n∑
i=1

Z
(jk)
i

)2(
1

n

n∑
i=1

Z
(jl)
i

)2

and ξp the factor chosen such that the covariate deletion reaches an overall significance

level of 0.05. This significance level, in fact, can be reached by choosing ξp with a similar

reasoning as ωp: Let s be the number of chosen covariates by (CCT). Then, we consider

the null hypothesis to be that every of the s(s−1)
2 pairs of covariates examined by the

deletion algorithm is uncorrelated. It is rejected, if any of the individual null hypothesis
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of Z
(jk)
i and Z

(jl)
i being uncorrelated is rejected. The Bonferroni correction now suggest

to set the significance level of each of those individual tests to

αp
ind =

0.05

0.5 · s(s− 1)
=

0.1

s(s− 1)
.

As a consequence, we choose ξp such that

(1− αp
ind) · 100

percent of the values η̂k,l for uncorrelated Z
(jk)
i and Z

(jl)
i lie in the interval −ξpσkl√

nσ
Z

(jk)

i

σ
Z

(jl)

i

,
ξpσkl√

nσ
Z

(jk)

i

σ
Z

(jl)

i

 ,

whereby σkl =

√
Var(Z

(jk)
i Z

(jl)
i ) and σ

Z
(jk)

i

as well as σ
Z

(jl)

i

are the standard deviations

of Z
(jk)
i and Z

(jl)
i , respectively. Again, this consideration neglects the error of the sample

correlation coefficient.

Overall, this selection procedure might resolve the potential issue of too many se-

lected covariates, especially, since the ”deletion threshold” η̂b,pkl also drops with growing n.

Therefore, it seems to compensate the effect that more covariates are chosen by (CCT)

with increasing n. In the subsequent content, we will refer to this selection procedure by

(CCTSD), which stands for ”Calculated Correlation Threshold with Simple Deletion”.

8.3.3 Selection by Correlation Threshold with Advanced Deletion

One issue of the previous deletion strategy might be that it deletes too many covariates

and, therefore, wastes potentially helpful information. Why this is the case, can be seen

in the directed graph G = (V,E) illustrated in Figure 10. We use the terminology of the

previous selection procedure. Then, V is the set of indices of the selected covariates chosen

by (CCT), i.e.

V = Ĵ = {j1, j2, ..., js}.

We define the set of edges E ⊆ V × V as following:

(jl, jk) ∈ E

:⇔
(
jk ̸= jl ∧ |η̂kl| ≥ η̂b,pkl ∧

(
|ρ̂jk | < |ρ̂jl | ∨ (|ρ̂jl | = |ρ̂jk | ∧ jk > jl)

))
.

Therefore, an edge (jl, jk) ∈ E means that Z
(jk)
i and Z

(jl)
i are a pair of covariates with

Z
(jk)
i being a candidate for deletion by the deletion approach described in Section 8.3.2.

All nodes which are marked red in the graph indeed would get removed by the previous

deletion algorithm, while just the green marked nodes would remain in the set of selected

covariates. Our goal was to dissolve pairs of covariates which are correlated, whereby the
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j1 j2 j3 j4 j5 j6

j7j8

Figure 10: Graph for simple covariate deletion

covariate with the larger correlation to the outcome is kept, while the other one is deleted.

However, this can be accomplished by deleting less covariates. In fact, we want to take into

consideration when a covariate has already been deleted and, then, not delete covariates

which would get dropped because of being correlated to that already deleted covariate.

This seems to be a reasonable approach since correlation is not transitive, which indeed

means that if A is correlated to B and B is correlated to C, it does not necessarily have to

be the case that A is correlated to C. Hence, as a deletion of B would already dissolve the

correlation dependencies when A is not correlated to C, there is no need to additionally

delete either A or C. Therefore, we want to establish an alternative deletion procedure to

the above in the following. Therefore, let Z(Ĵ) = {Z(j1)
i , ..., Z

(js)
i } with j1 < j2 < ... < js

be the set of those chosen covariates by the selection approach (CCT) described in Section

8.3.1. Next, we sort the covariates according to the absolute value of their correlation to

the outcome. So, let

Zsort
i =

(
Z

(ju1 )
i , Z

(ju2 )
i , ..., Z

(jus )
i

)
be the tuple of sorted covariates, i.e. |ρ̂ju1 | ≥ |ρ̂ju2 | ≥ ... ≥ |ρ̂jus |. In case that |ρ̂jk | = |ρ̂jl |
for some k < l, we sort according to the indices and list Z

(jk)
i before Z

(jl)
i in the sorted

tuple. Now we delete covariates according to the order of this sorted tuple. In fact, let

D := {(jk, jl) | |η̂kl| ≥ η̂b,pkl , k ̸= l}

be the set of index pairs, whose according covariate pairs exceed the correlation ”deletion

threshold”. In addition, define

Dv := D ∩ {(juv , jl) | l ∈ {1, ..., s}}

for v = 1, ..., s. The deletion procedure now processes Dv in step v. That means, it begins

with D1, then D2, and so on, until it ends with Ds. In fact, in step v, we delete all

covariates Z
(d)
i with its index d contained in

D̃v :=

∅ if juv ∈
⋃v−1

w=1 D̃w

{d | (juv , d) ∈ Dv} otherwise.

Indeed, we just want to delete covariates if Z
(juv )
i has not already been deleted yet in one

of the previous steps 1, ..., v − 1. This is checked by the condition juv /∈
⋃v−1

w=1 D̃w, which
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means that juv is not contained in the sets of indices of deleted covariates from previous

steps. If juv , in turn, is contained in one of these sets, no covariates are delete in step v.

Since the description of our deletion algorithm is very technical, we want to illus-

trate the result of it applied on the above graph under the assumption that Zsort
i =

(Z
(j1)
i , Z

(j2)
i , ..., Z

(j8)
i ). This is visualized in Figure 11. As we can already see, this deletion

j1 j2 j3 j4 j5 j6

j7j8

Figure 11: Graph for advanced covariate deletion

approach tends to delete less covariates. It is important to highlight that this algorithm

keeps the covariates with the highest absolute value of correlation to the outcome under

the condition of dissolving all pairs of correlated covariates. In the remainder of this the-

sis, we will refer to this selection procedure by (CCTAD), which stands for ”Calculated

Correlation Threshold with Advanced Deletion”.

The next chapter covers test results of simulations examining all three of our alternative

covariate selection methods.
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9 Simulations

In this section we want to conduct a simulation in order to test the selection procedures

described as alternatives to the Lasso-based selection in the previous chapter. We want

to do that in two scenarios: On the one hand, in a setting with generated data and, on

the other hand, in a setting with a real data set about the Austrian labor market.

9.1 Implementation

The simulations are coded using the language R and implement the covariate selection

as well as the post-selection estimation with linearly included covariates as described

throughout this thesis. In order to realize this, a bandwidth h needs to be chosen. This

can be done by methods either stated in [CCFT19] or in [AK18], which are implemented

in the R packages rdrobust [CCFT22] or RDHonest [Kol23], respectively. We want to

conduct the first simulation using both frameworks in order to examine if the bandwidth

choice implementation causes a huge difference in the result. However, then, the following

simulations only use RDHonest.

Numerical invertibility The simulation with RDHonest requires to do the covariate

adjustment manually since there is no already implemented method for that. rdrobust

already contains implemented functionalities for including covariates. Nevertheless, the

covariate adjustment is implemented accordingly to the procedure described in Definition

7.2 in the case of both frameworks. Particularly, this includes computing the inverse of

σZ++σZ−. This can be numerically impossible if the number of chosen covariates is large

and if there are pairs of covariates with a relatively high correlation. If this case occurs, we

solve it by deleting d covariates for a number d ∈ N such that we dissolve pairs of covariates

with a high correlation. The settings in which this error of not being numerically invertible

occurred, will be marked below. Then, we respectively choose the number d such that

the numerical invertibility issue was resolved. However, it is important to mention that

we only had to apply this fix in settings constructed for comparison purposes with a large

number of chosen covariates. Therefore, it does not dilute the results of our selection

procedures of interest.

9.2 Generated Data

The advantage of generating data is that, as we exactly know the average treatment effect

and the influence of the covariates on the outcome, we can assess the accuracy of our

estimation. We want to run the simulation on the same data model as in [KR21]. In

fact, we have a RDD setting with p = 200 covariates and an average treatment effect of
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τY = 0.02, which is described as follows:

X ∼ 2 · beta(2, 4)− 1, T = 1(X ≥ 0), (ε, Z⊤)⊤ ∼ N (0,Σ), Σ =

(
σ2
ε v⊤

v σ2
ZI200

)
,

Y = ε+

0.36 + 0.96X + 5.47X2 + 15.28X3 + 15.87X4 + 5.14X5 + 0.22Z⊤α, if T = 0

0.38 + 0.62X − 2.84X2 + 8.42X3 − 10.24X4 + 4.31X5 + 0.28Z⊤α, if T = 1

whereby I200 ∈ R200×200 denotes the identity matrix, σ2
ε = 0.12952, σ2

Z = 0.13532, v ∈ R200

a vector whose k-th entry equals vk = 0.8
√
6σ2

ε(πk)
−1 and α ∈ R200 is a vector such that

the k-th component equals αk = 2k−2. The definition of α suggests that the impact of

the covariates falls as k decreases. Therefore, the covariates Z = (Z(1), ..., Z(200)) are

ordered according to their relevance with Z(1) being the most important one, while Z(200)

being almost negligible. We run the simulation for two different choices of the sample

size n. First, we run the simulation for a sample size of n = 1000 with 10.000 Monte

Carlo replications. Secondly, we set the sample size to n = 10, 000 whereby we also run

10,000 Monte Carlo replications. In the simulation, we perform the estimation for different

choices of covariates, namely:

• Setting 1 (CCT): Selection of all covariates Z(k) with |ρ̂k| ≥ ρ̂b,200,correctedk (as de-

scribed in Section 8.3.1)

• Setting 2 (CCTSD): Selection of all covariates Z(k) with |ρ̂k| ≥ ρ̂b,200,correctedk and

then applying the simple deletion procedure (as described in Section 8.3.2)

• Setting 3 (CCTAD): Selection of all covariates Z(k) with |ρ̂k| ≥ ρ̂b,200,correctedk and

then applying the advanced deletion procedure (as described in Section 8.3.3)

• Setting 4: Selection of all covariates Z(k) with |ρ̂k| ≥ 0.2

• Setting 5: Selection of all covariates Z(k) with |ρ̂k| ≥ 0.1

• Setting 6: Selection of all covariates Z(k) with |ρ̂k| ≥ 0.05 (This setting, in the case of

n = 1, 000, required to delete 15 covariates in order to obtain numerical invertibility.

This was not necessary for n = 10, 000.)

• Setting 7: Selection of all covariates Z(k) with |ρ̂k| ≥ 0.02 (This setting, in the case of

n = 1, 000, required to delete 45 covariates in order to obtain numerical invertibility.

This was not necessary for n = 10, 000.)

The Settings 4 to 7 allow us to assess the appropriateness of our derived calculated cor-

relation threshold and whether it actually delivers a favorable lower bound. Additionally,

we also want to simulate the case when we take a fixed and predetermined subset of

covariates:

• Setting 8: Selection of no covariates
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• Setting 9: Selection of most important covariate

• Setting 10: Selection of 10 most important covariates

• Setting 11: Selection of 30 most important covariates

• Setting 12: Selection of 50 most important covariates

• Setting 13: Selection of the ”optimal” covariate Z⊤α

Of course, the selections in the Settings 8 to 13 are infeasible in practice since the most

important covariates are unknown. However, we want to use these settings with a fixed

choice of covariates for the sake of comparison in order to have benchmark values. In par-

ticular, Setting 13 provides us with desirable values for the bias, standard error, standard

deviation and the confidence interval. The best case, therefore, would be to approximately

obtain these optimal values for Setting 1, 2 and 3 in order to conclude that our selection

procedures work appropriately.

For each of those settings, the following values will be determined:

• Number of covariates: For every of the Monte Carlo replications, the simulation

stores the number of selected covariates by each of the procedures. Then, the average

over all executions is calculated, respectively.

• Bias: This is the difference of the sample mean of the estimator and the true pa-

rameter 0.02. The sample mean is determined by averaging the estimated average

treatment effect over all executions.

• Standard deviation (SD): It is calculated by averaging the squared difference of

the estimated values of the average treatment effect and the sample mean of the

estimator.

• Average standard error (SE): This is the value calculated internally by the respective

R package (rdrobust, RDHonest) averaged over all replications.

• CI Length: This is the length of the confidence interval provided by the respective

R package (rdrobust, RDHonest) averaged over all replications.

• Coverage: For every execution it is determined whether the true parameter 0.02 lies

within the confidence interval. Then, considered among all executions, the coverage

is the probability that the true parameter was covered by the confidence interval.

9.2.1 Moderate Sample Size

First, we want to run the simulation on the above data model with a sample size of n =

1, 000 with 10,000 Monte Carlo replications. We provide the results for both frameworks

RDHonest and rdrobust.
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Simulation results for RDHonest The results of the simulation are listed in Table

1. First, we want to have a look at the results for the selection procedures taking a

Covariate Selection Cov Bias SD Avg. SE CI Length Coverage

(CCT) 2.20 0.0068 0.0395 0.0378 0.1665 95.4
(CCTSD) 2.15 0.0069 0.0398 0.0380 0.1675 95.5
(CCTAD) 2.15 0.0069 0.0398 0.0380 0.1675 95.5
Corr. threshold of 0.2 1.98 0.0069 0.0400 0.0384 0.1691 95.4
Corr. threshold of 0.1 4.50 0.0064 0.0376 0.0349 0.1547 94.9
Corr. threshold of 0.05 16.04 0.0068 0.0379 0.0312 0.1416 92.7
Corr. threshold of 0.02 66.61 0.0090 0.0446 0.0181 0.1017 74.1

Fixed: no cov. - 0.0094 0.0667 0.0651 0.2854 96.2
Fixed: most imp. cov. - 0.0076 0.0445 0.0430 0.1890 95.5
Fixed: 10 most imp. cov. - 0.0066 0.0360 0.0317 0.1422 94.1
Fixed: 30 most imp. cov. - 0.0077 0.0374 0.0261 0.1232 88.4
Fixed: 50 most imp. cov. - 0.0088 0.0401 0.0213 0.1089 81.0
Fixed: optimal cov. - 0.0067 0.0375 0.0362 0.1594 95.3

Table 1: Simulation results using RDHonest with a sample size of 1,000 based on 10,000
Monte Carlo replications

fixed threshold for the correlation. The bias and standard deviation do slightly increase

as the threshold decreases from 0.1 to 0.02, that is with growing number of covariates

that have been chosen. Even more important, we can see that the average standard

error of the estimator decreases the lower the threshold gets. In contrast to that, the

standard deviation does not decrease, rather tends to even increase, leading to a growing

discrepancy between the average standard error and the standard deviation. This seems

to suggest that the framework’s standard error underestimates the true standard deviation

with increasing number of covariates which indeed is due to overfitting. In the extreme

case of selecting covariates with correlation greater than a threshold of 0.02, we can see

that over 66 covariates have been taken into consideration on average, leading to a highly

underestimated standard error. This, in turn, implies a too small confidence interval. For

this reason, we can see how the coverage plummets with decreasing threshold. However,

the results for a fixed correlation threshold of 0.2 and 0.1 are both desirable as the bias and

standard deviation are lower as in the case of no covariates while only having a marginal

drop in coverage of approximately one percent.

The phenomenon of a progressively strong downward bias in the standard error can

also be seen in the case of a fixed choice of covariates. With increasing number of chosen

covariates, we can see the difference between the standard deviation and average standard

error getting bigger, leading to increasingly inaccurate confidence intervals. Therefore, our

simulation confirmed that the approach described throughout this thesis just works well

in low-dimensional settings. Nonetheless, the results also seem to confirm that taking a

small and well selected number of covariates into consideration can improve the bias and

standard deviation of the estimator while only having a slight decline in the CI coverage.

Indeed, comparing the results of the choice via the calculated correlation threshold (CCT)
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to the case without covariates shows that the coverage just falls by 0.8 percent while

significantly improving the standard deviation. Also, the values of the bias and standard

deviation are even close to those obtained in the case of choosing the obstacle optimal

linear combination of covariates.

Moreover, the simulation results show that (CCT) seems to select a rather small num-

ber of covariates. Also the selected covariates tend to be not pairwise correlated as the

simple and advanced deletion procedure of (CCTSD) and (CCTSD) just very rarely delete

some of the chosen covariates. We can see that the average number of chosen covariates

decreased from 2.20 to just 2.15. For this reason, the results regarding bias, standard de-

viation, average standard error, CI length and coverage are nearly the same. To see which

of the covariates have been rarely deleted, we refer to Table 2. It shows the percentages

with which a covariate was chosen by the respective selection procedures.

Covariate (CCT) (CCTAD) (CCTSD)

Number 1 100.00 99.49 99.48
Number 2 98.86 95.04 95.04
Number 3 19.38 18.28 18.28
Number 4 1.53 1.28 1.28
Number 5 0.14 0.10 0.10
Number 6 0.03 0.00 0.00
Number 7 0.01 0.00 0.00
Number 10 0.01 0.00 0.00
All others 0.00 0.00 0.00

Table 2: Percentages of the covariates being chosen by the different selection procedures
with a sample size of 1,000 based on 10,000 Monte Carlo replications

Overall, we can conclude that all three selection approaches (CCT), (CCTSD) and

(CCTAD) seem to deliver accurate estimations with desirable inference results that can

even keep up with the optimal benchmark results.

Simulation results for rdrobust Table 3 shows the simulation results. The values in

the table are different from the results using RDHonest, which is reasonable due to the

fact that other methods for bandwidth selection and calculation of the standard error are

used. However, we can see that the behaviour of the values is very similar. The only

major difference is that the standard error of rdrobust seems to underestimate the true

standard deviation even more leading to overall shorter confidence intervals and lower CI

coverages. Similarly to the behaviour of RDHonest, the downward bias in the standard

error even grows with the number of selected covariates, which is the reason for rapidly

declining confidence intervals. In particular, we can see that a fixed correlation threshold

of 0.02 leads to a coverage of just 53.5 percent. Nonetheless, concerning our selection

procedures (CCT), (CCTSD) and (CCTAD), we can conclude the same consequences as

above. Indeed, just the drop in the CI coverage compared to the case of no covariates

is larger which seems to be owing to the covariates scaling up the effect of rdrobust
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Covariate Selection Cov Bias SD Avg. SE CI Length Coverage

(CCT) 2.21 0.0150 0.0331 0.0285 0.1117 87.0
(CCTSD) 2.16 0.0150 0.0333 0.0287 0.1125 87.0
(CCTAD) 2.16 0.0150 0.0333 0.0287 0.1125 87.0
Corr. threshold of 0.2 1.98 0.0150 0.0336 0.0290 0.1136 87.1
Corr. threshold of 0.1 4.52 0.0147 0.0315 0.0265 0.1037 85.7
Corr. threshold of 0.05 16.09 0.0136 0.0323 0.0249 0.0977 82.8
Corr. threshold of 0.02 66.65 0.0095 0.0535 0.0165 0.0648 53.5

Fixed: no cov. - 0.0168 0.0573 0.0524 0.2053 91.8
Fixed: most imp. cov. - 0.0153 0.0371 0.0328 0.1286 88.7
Fixed: 10 most imp. cov. - 0.0144 0.0304 0.0245 0.0960 83.4
Fixed: 30 most imp. cov. - 0.0129 0.0326 0.0220 0.0863 77.1
Fixed: 50 most imp. cov. - 0.0112 0.0375 0.0193 0.0757 66.8
Fixed: optimal cov. - 0.0151 0.0312 0.0269 0.1056 86.0

Table 3: Simulation results using rdrobust with a sample size of 1,000 based on 10,000
Monte Carlo replications

underestimating the true standard deviation even more.

9.2.2 Large Sample Size

As already suspected in Section 8.3.1, the number of covariates chosen by (CCT) might

increase with growing n. This is suggested by the fact that the calculated correlation

threshold includes the factor n− 1
2 . For this reason, we also want to examine our selection

procedures in a setting with a sample size of n = 10, 000 and 10,000 Monte Carlo Replica-

tions. Since RDHonest delivered the more favorable results with more accurate confidence

intervals above, we just want to stick to this package now and neglect the simulation with

rdrobust. The simulation results can be seen in Table 4.

Covariate Selection Cov Bias SD Avg. SE CI Length Coverage

(CCT) 6.89 0.0030 0.0139 0.0137 0.0601 96.4
(CCTSD) 6.84 0.0030 0.0139 0.0137 0.0602 96.5
(CCTAD) 6.84 0.0030 0.0139 0.0137 0.0602 96.5
Corr. threshold of 0.2 2.00 0.0033 0.0154 0.0153 0.0669 96.5
Corr. threshold of 0.1 3.72 0.0031 0.0144 0.0143 0.0627 96.6
Corr. threshold of 0.05 7.54 0.0030 0.0139 0.0137 0.0598 96.3
Corr. threshold of 0.02 31.10 0.0030 0.0135 0.0129 0.0569 95.9

Fixed: no cov. - 0.0051 0.0251 0.0249 0.1089 96.5
Fixed: most imp. cov. - 0.0037 0.0171 0.0170 0.0744 96.7
Fixed: 10 most imp. cov. - 0.0030 0.0137 0.0135 0.0590 96.3
Fixed: 30 most imp. cov. - 0.0030 0.0135 0.0129 0.0566 95.9
Fixed: 50 most imp. cov. - 0.0031 0.0135 0.0125 0.0554 95.2
Fixed: optimal cov. - 0.0031 0.0145 0.0144 0.0631 96.5

Table 4: Simulation results using RDHonest with a sample size of 10,000 based on 10,000
Monte Carlo replications
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First of all, we can see that the phenomenon of a progressively strong downward bias

in the average standard error with growing number of covariates is not visible as clearly

as before because the numbers of selected covariates are overall smaller in relation to the

sample size. The results suggest that even around 30 selected covariates do not lead to an

extensively inaccurate confidence interval and an unfavorable coverage. Yet, we can still see

that the discrepancy between the average standard error and the true standard deviation

slightly increases with growing number of included covariates leading to a marginally

visible progressively strong downward bias. Moreover, we can see that including more

covariates than our three selection procedures (CCT), (CCTSD) and (CCTAD) does not

improve the bias and standard deviation significantly, which suggests that it is unnecessary

to include those further covariates.

Secondly, the results seem to confirm that (CCT) chooses more covariates with growing

n. However, 6.89 selected covariates on average is still a reasonable number compared to

the sample size of 10, 000. This is also reflected by the fact that the coverage is only 0.1

percent lower than in the case of including no covariates. Again, all selected covariates

seem to be pairwise uncorrelated since the number of selected covariates by (CCTSD) and

(CCTAD) is in average just 0.05 lower.

Overall, (CCT), (CCTSD) and (CCTAD) again deliver desirable estimation results.

9.3 Generated Data with Duplicated Covariates

In the simulations conducted above, we can see that (CCTSD) and (CCTAD) delete a

rather low number of covariates. Now, we want to conduct another simulation which

demonstrates more clearly that our simple and advanced deletion procedure work appro-

priately. Therefore, we construct a data model similar to the one above, with the only

difference that we just take the 20 most important covariates and repeat them for 10 times.

This results in a set of 200 covariates with just 20 different covariates, whereby each of

them occurs 10 times. Indeed, this scenario might occur in real data sets, e.g. when the

data is not cleansed prior to the simulation or if correlated covariates are incorporated.

The data model is defined exactly as above with the only adjustment that we now take

Zduplicates = (Z(1), ..., Z(20)︸ ︷︷ ︸
Number 1

, Z(1), ..., Z(20)︸ ︷︷ ︸
Number 2

, ... , Z(1), ..., Z(20)︸ ︷︷ ︸
Number 10

)

as set of covariates (instead of Z). We conduct our simulation using RDHonest with a

sample size of n = 1, 000 and 10, 000 Monte Carlo replications. We will provide estimation

results for the following settings:

• Setting 1 (CCT): Selection of all covariates Z
(k)
duplicates with |ρ̂k| ≥ ρ̂b,200,correctedk (as

described in Section 8.3.1)

• Setting 2 (CCTSD): Selection of all covariates Z
(k)
duplicates with |ρ̂k| ≥ ρ̂b,200,correctedk

and then applying the simple deletion procedure (as described in Section 8.3.2)
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• Setting 3 (CCTAD): Selection of all covariates Z
(k)
duplicates with |ρ̂k| ≥ ρ̂b,200,correctedk

and then applying the advanced deletion procedure (as described in Section 8.3.3)

The simulation results are listed in Table 5. First of all, we can see that (CCT) selected

Covariate Selection Cov Bias SD Avg. SE CI Length Coverage

(CCT) 22.1350 - - - - -
(CCTSD) 2.2132 0.0066 0.0397 0.0377 0.1662 95.6
(CCTAD) 2.2132 0.0066 0.0397 0.0377 0.1662 95.6

Table 5: Simulation results using RDHonest with a sample size of 1,000 based on 10,000
Monte Carlo replications when including duplicated covariates

around 22 covariates. Since this set of selected covariates contained duplicates, the simu-

lation ran into invertibility errors for the covariate adjustment. Therefore, this selection

procedure delivers no estimation results here. As a result, we can conclude that (CCT)

seems to not work appropriately in cases with duplicated covariates. This also seems to

suggest that situations with a high number of pairwise correlated covariates might be

problematic, leading to invertibility errors.

However, the simple and advanced deletion procedures seem to work as desired. Both

reduce the number of selected covariates by (CCT) by a factor of approximately 10. This is

exactly the result we would expect since every covariate is contained 10 times, which means

that every favorable covariate was chosen 10 times by (CCT). This behaviour is verified

by the results contained in Table 6, which shows the percentage of each covariate getting

chosen by the respective selection procedures. Indeed, (CCT) chose the best covariates

out of the 20 different covariates, but in turn included each of them 10 times. However,

after the simple and advanced deletion all duplicates are removed and each covariate is

just included once.

Overall, the result seems to suggest that (CCTSD) and (CCTAD) are superior to

(CCT), particularly in settings with duplicated or correlated covariates.

9.4 Empirical Application

[CCW07] provides a data set on the Austrian labor market. For this reason, we refer to

[CCW07] for a detailed description of its origin and construction. We want to re-conduct

one of their analysis, which was also performed by [KR21], but this time by using our

correlation-driven selection procedures.

During the time period covered by the data set, Austrian workers are entitled to receive

a severance payment after losing their job if they worked for at least 36 month in the job

by the time of separation. The scope of the analysis is to examine whether receiving a

severance payment has an impact on the increase in the workers salary when comparing

the salary in the new job to the one in the old job. This can indeed be addressed with

an RDD analysis as the score is the duration of the old job, the treatment is receiving a

severance payment and the outcome is the growth of the salary. Whenever the score is
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Covariate (CCT) (CCTAD) (CCTSD)

Number 1 100.00 99.06 99.06
Number 2 98.86 98.85 98.85
Number 3 20.78 20.77 20.77
Number 4 1.47 1.46 1.46
Number 5 0.15 0.15 0.15
Number 6 0.07 0.07 0.07
Number 7 0.02 0.02 0.02
Number 8 to 20 0.00 0.00 0.00

Number 21 100.00 0.00 0.00
Number 22 98.86 0.00 0.00
Number 23 20.78 0.00 0.00
Number 24 1.47 0.00 0.00
Number 25 0.15 0.00 0.00
Number 26 0.07 0.00 0.00
Number 27 0.02 0.00 0.00
Number 28 to 40 0.00 0.00 0.00

Number 41 to 60

Each as number 21 to 40

Number 61 to 80
Number 81 to 100
Number 101 to 120
Number 121 to 140
Number 141 to 160
Number 161 to 180
Number 181 to 200

Table 6: Percentages of the covariates being chosen by the different selection procedures
in a scenario with duplicated covariates

greater or equal the threshold of 36 month, the treatment is applied. Also, the data set

provides additional information which can be incorporated into the analysis as covariates.

In fact, we have the following 60 covariates as considered in [KR21]:

• Basic covariates (38): Gender, marital status, Austrian nationality, “blue collar”

occupation, age and its square, log of previous wage and its square, indicators for

month and year of job termination

• Extended covariates (22): Work experience and its square, number of employees in

the company where job was lost, indicator of having a job before the one just lost,

“blue collar” status at job prior to the one lost, indicator of having a prior spell of

non-employment, duration of last non-employment, total number of spells of non-

employment in career, indicator of being recalled to the job before the one just lost,

indicator for higher education, indicators for industry sector and region

Moreover, we want to incorporate all non-trivial interaction terms as well as all trigonomet-

ric transformations up to order five applied on all non-dummy covariates, i.e. sin(2πk ·Z)

and cos(2πk · Z) for k = 1, ..., 5 and all covariates Z. This leads to a total of 1, 593

covariates. Then, we perform RD analysis for the following scenarios:
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• Setting 1 (CCT): Selection of all covariates Z(k) with |ρ̂k| ≥ ρ̂b,1593,correctedk (as de-

scribed in Section 8.3.1)

• Setting 2 (CCTSD): Selection of all covariates Z(k) with |ρ̂k| ≥ ρ̂b,1593,correctedk and

then applying the simple deletion procedure (as described in Section 8.3.2)

• Setting 3 (CCTAD): Selection of all covariates Z(k) with |ρ̂k| ≥ ρ̂b,1593,correctedk and

then applying the advanced deletion procedure (as described in Section 8.3.3)

• Setting 4: Selection of all covariates Z(k) with |ρ̂k| ≥ 0.2

• Setting 5: Selection of no covariates

• Setting 6: Selection of all basic covariates

• Setting 7: Selection of all basic and extended covariates (This setting required to

delete 3 covariates in order to obtain numerical invertibility.)

In the implementation, we remove each data entry having no value for at least one of the

covariates, the score or the outcome. This leads to a data set containing 288,175 entries

in total. However, a limitation of the data set to 100,000 entries was necessary due to

limited RAM capacities. Therefore, the simulation was conducted using RDHonest on a

data set containing 100,000 entries that were chosen randomly.

As we deal with a real data set here, and not with a generated data set as above, the

true value of the average treatment effect is unknown. Therefore, we cannot provide the

true bias and standard deviation as well as the coverage here. But, the following values

will be given as outputs of our simulation results:

• Number of chosen covariates by the respective selection procedures,

• Estimated value of the average treatment effect (provided by RDHonest),

• Average standard error (provided by RDHonest)

• Lower and upper bound of the confidence interval as well as its length (provided by

RDHonest)

Simulation results The simulation results are given in Table 7. Most importantly,

we can see from the results that (CCT) chooses 310 covariates. This leads to invertibility

issues during the covariate adjustment which is just reparable by deleting more than 200 of

those covariates. But this would not represent the actual result of the selection anymore.

However, the results are not of great interest anyways since we have seen in the above

simulations that such a large number of included covariates tends to lead to a strongly

downward biased standard error.

Besides that, all other estimates are approximately zero which coincides with the results

stated in [CCW07] and [KR21]. We can see that (CCTSD) and (CCTAD) just select
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Covariate Selection Cov Estimator SE CI Lower CI Upper CI Length

(CCT) 310 - - - - -
(CCTSD) 2 -0.0088 0.0171 -0.0455 0.0278 0.0733
(CCTAD) 22 -0.0125 0.0167 -0.0483 0.0234 0.0718
Corr. threshold of 0.2 5 -0.0190 0.0159 -0.0531 0.0150 0.0681

Fixed: no cov. 0 -0.0073 0.0197 -0.0498 0.0351 0.0849
Fixed: Basic 38 -0.0165 0.0153 -0.0495 0.0164 0.0659
Fixed: Basic+Ext. 57 -0.0101 0.0147 -0.0416 0.0215 0.0632

Table 7: Simulation results using RDHonest with the data set on the Austrian labor market

a small number of covariates, which indeed means that the vast majority of those 310

covariates selected by (CCT) were correlated to at least one other covariate contained in

the selection. In particular, (CCTSD) selects just 2 covariates, while (CCTAD) selects 22

covariates.

Compared to the estimation without covariates, (CCTSD) improves the standard er-

ror by around 13 percent. Therefore, this selection procedure improves the estimation

accuracy. The confidence interval is also shorter by around the same percentage. Since

there are only two covariates selected, there is no reason for concern regarding a downward

biased standard error here.

(CCTAD) improves the standard error even more by approximately 15 percent com-

pared to the baseline estimator without covariates. The confidence interval indeed also

gets smaller by around the same factor. This shows that the simple deletion procedure

might drop some potentially relevant covariates. Furthermore, (CCTAD) only selects 22

covariates, which is still a small number in proportion to the data size of 100,000. In

the above simulation with generated sample data of a size of 10,000, we can see that 30

covariates did not lead to an average standard error which significantly underestimates the

true standard deviation. Therefore, especially here with a sample size of 100,000, there

seems to be no reason for concern about a downward biased standard error. Hence, the

results seem to suggest that (CCTAD) is superior to (CCTSD) as it delivers even better

estimation results while selecting an appropriate number of covariates in relation to the

sample size. In fact, (CCTSD) seems to miss out on potentially useful covariates.

In that regard, we also want to list the chosen covariates by (CCTAD) and (CCTSD).

In fact, (CCTSD) selected the covariates

• Wage in previous job

• Interaction term: Square of wage in previous job and indicator for month of job

termination

This seems reasonable since the wage in the previous job is intuitively the most related

information to the effect we want to estimate. (CCTAD) selected the covariates

• Wage in previous job
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• Indicator for year of job termination

• Interaction term: Age and ”blue collar” occupation

• Interaction term: Square of wage in previous job and number of employees in the

company where job was lost

• Interaction term: Square of wage in previous job and indicator of having a prior

spell of non-employment

• Interaction term: Age and indicator for year of job termination

• Interaction terms (in total 11): Square of wage in previous job and indicators for

month and year of job termination

• Interaction terms (in total 2): Square of wage in previous job and indicators for

region

• Interaction term: Square of work experience and indicator for month of job termi-

nation

• Interaction term: Duration of last non-employment and indicator for month of job

termination

• Interaction term: Indicator for region and indicator for year of job termination

which indeed also suggests that mostly basic covariates are taken into account. However,

the interaction terms also contain some covariates of the extended set.

At last, we want to mention that the fixed correlation threshold of 0.2 again seems to

be an appropriate choice as it selects a reasonable number of 5 covariates.
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10 Conclusion

Under sufficient regularity conditions, the local linear covariate-adjusted estimator of the

average treatment effect including a fixed set of additional covariates is asymptotically

normally distributed. The conducted simulations confirm that a small number of well-

selected covariates can increase the estimation accuracy. However, we have also seen

that including too many covariates leads to a progressively strong downward bias in the

standard error, causing too small confidence intervals. For this reason, the correlation-

based selection procedure (CCT) does not seem to be an appropriate approach as the

number of selected covariates can get quiet large. On the contrary, the two selection

procedures (CCTSD) and (CCTAD) via calculated correlation threshold with, respectively,

simple and advanced deletion seem to choose a rather small set of covariates which is highly

related to the outcome. This suggests that these methods can be used to select covariates

which meaningfully improve estimation accuracy.

10.1 Future Work

[KR21] provides conditions which a general selection algorithm has to satisfy in order

that its post-selection estimator is asymptotically normally distributed. As the two se-

lection procedures (CCTSD) and (CCTAD) delivered favorable results in the simulations

conducted in this thesis, one could examine whether they fulfill those stated conditions.
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